THE UNIVERSAL REGULAR QUOTIENT OF THE CHOW 
GROUP OF 0-CYCLES ON A SINGULAR PROJECTIVE 

VARIETY 

■f^ ' HELENE ESNAULT, V. SRINIVAS, AND ECKART VIEHWEG 

Let X be a projective variety of dimension n defined over an algebraically 

Q ■ closed field k. For X irreducible and non-singular, Matsusaka ||Ma|] constructed 

Q ! an abelian variety Alb (X) and a morphism a : X ^ Alb (X) (called the Albanese 

y~^ \ variety and mapping respectively), depending on the choice of a base-point on X, 

which is universal among the morphisms to abelian varieties (see Lang [[La|| , Serre 



e| for other constructions). Over the field of complex numbers the existence of 

^ ! Alb (X) and a was known before, and has a purely Hodge-theoretic description 

•jH \ (see Igusa [| for the Hodge theoretic construction). Incidentally, the terminology 

'Albanese variety" was introduced by A. Weil, for reasons explained in his com- 

CSJ ' mentary on the article [1950a] of Volume I of his collected works (see |^]), one of 

which is that the paper [|Alb|| of Albanese defines it (for a surface) as a quotient 

Qv^ \ of the group of 0-cycles of degree modulo an equivalence relation. 

Let Cif" (X)dego denote the Chow group of 0-cycles of degree on X mod- 
_ . ulo rational equivalence. When X is irreducible and non-singular, a remarkable 

Q \ feature of the Albanese morphism a is that it factors through a regular homo- 

^1 morphism ip : CiJ"(X)dcgo -^ Alb(X), that is a homomorphism, which when 

6jO' composed with the cycle map 7 : X — > Cif" (X)dego, gives an algebraic mor- 

c^ . phism. This follows immediately from the fact that an abelian variety does not 

j> \ contain any rational curve. Thus one can reformulate Matsusaka's theorem as the 

'k> \ statement that there is a universal regular quotient of Cif" (X)dego as an abelian 

'j_j ■ variety. 

. 5t , For n = 1, yj is an isomorphism, and moreover Cif^ (X)dego — Pic°(X), the 

Picard variety of X. Since Pic is a well understood functor, one defines the Chow 
group Cif^ (X)dego and the generalized Albanese variety A^[X) by 

CH\X)^,^, = A\X) = Vic\X) 

even in the singular case. This has several consequences for the expected struc- 
ture of the generalized Albanese variety A^[X) of a projective reduced variety 
X of dimension n. First, it forces the correct definition of the Chow group 
Cilf" (X)degO) as proposed by Levine and Weibel in | |LW| | . Second, it shows that 



A^[X) should be a smooth commutative algebraic group, that is an extension 
of an abelian variety by a linear group, where the latter is a product of additive 
and multiplicative factors. Third, the cycle map to Cif"(X)dego is only defined 
on the regular locus Xj-eg of X. Consequently the expected generalized Albanese 
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mapping should be only defined on Xj-eg. But already for curves, a morphism 
from Xreg to a smooth commutative algebraic group G need not factor through 
C//^(X)degO; as G contains rational subvarieties. Therefore, the expected A^{X) 
should be constructed as a regular quotient of Cif" (X)dego in the category of 
smooth commutative algebraic groups. Note here that the difficulty comes from 
the non- normality of X. In fact for normal surfaces and for irreducible normal 
varieties in characteristic zero (see [0), it is known that A^{X) = Alb {X), where 
X is a resolution of singularities, and that the cycle map does factor through 

CH"'{X)degO- 

Roitman [^ proved that, when fc is a universal domain, ip is an isomorphism 
precisely when the Chow group of 0-cycles is finite dimensional in the sense of 
Mumford Q. This result was generalized for irreducible normal varieties in 



characteristic zero for A"(X) = Alb (X) (see [|Sl). 

In this article we prove the existence of a universal regular quotient of the 
Chow group of 0-cycles for singular projective varieties. We note that the term 
"variety" is used to mean a reduced quasi-projective scheme of finite type over 
a field; in particular it need not be irreducible, or equidimensional. A regular 



homomorphism is defined in |1.14| and the finite dimensionality of the Chow group 
infr 



Theorem 1. Let X be a projective variety of dimension n, defined over an alge- 
braically closed field k. 

(i) There exists a smooth connected commutative algebraic group A"(X), to- 
gether with a regular homomorphism ip : CiJ"'(X)dego ~^ ^"(X), such that 
if is universal among regular homomorphisms from Cif"(X)dego to smooth 
commutative algebraic groups. 
(ii) Over a universal domain k the Chow group is finite dimensional precisely 

when if is an isomorphism. 
(iii) A"(X Xjt K) = A"(X) Xfc K, for all algebraically closed fields K containing 
k. 

We also give a second construction of A"(X) and if using transcendental argu- 
ments when k = C Over k = C, there is a natural semi-abelian variety 

jn.j^. ^ H'^'-\X,C{n)) 

^ ) F0iy2n-i(x,C(n))+ image i72n-i(x,Z(n))' 

that is a commutative algebraic group without additive factors, whose construc- 
tion is implicit in Deligne's article Q. (For kQC, one can in fact define J"(X) 
over k, see ||BS|| and also ||FW|| ). From the discussion above, one sees that A^lX) 
cannot be isomorphic to J"(X). However, there an Abel-Jacobi mapping 

AJ" : Ci7"(X)dego -^ J^{X) 

with very good properties. For example, if X is irreducible and non-singular, 
then Roitman [ [R2|| proved that the Albanese mapping yj is an isomorphism on 



torsion subgroups. For any reduced, projective X of dimension n, the Abel-Jacobi 
map AJ^ induces an isomorphism on torsion subgroups as well (see |[BiS|| for the 
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general result, and [Q], |C|, | |BPW| ] for earlier partial results). This indicates that 
J"(X) should differ from A^lX) only by additive factors. This, together with 
the classical theory for curves, was the main motivation for our construction. For 
related constructions using Kahler differentials in the singular case, see |0. 

Theorem 2. Let X be a projective variety over C For any m > 0, define the 
Deligne complex 



V{m)x = (O — ^ Zx{m) — ^ O^ — Q]c/c — > ^xjc — " 

and associated cohomology group D^{X) = H^™(X, 'D(m)x). For n = dimX, let 
A'^iX) = ker (D"(X) — > ij2"(X, Z(n))) 

be the kernel of the map induced by the natural surjection V{n)x —>■ Z(^)x of 
complexes. Then 

(i) the analytic group A"(X) has an underlying algebraic structure and for some 
s > a presentation via an exact sequence of commutative algebraic groups 

— y {GaY — > A''{X) — > .r{X) — > 

(ii) there is a cycle class homomorphism CH^{X) -^ D^{X), such that the 
composite CH^{X) — > H'^^{X,Z{n)) is the degree homomorphism, induced 
by the topological cycle class map, and giving rise to a commutative diagram 

Cif"(X)dego — ^ A^iX) 



CH'^iX) > D'\X) 

(iii) the homomorphism ip is the universal regular homomorphism from the Chow 

group CH"- {X)dego to commutative algebraic groups over C 
(iv) if is an isomorphism precisely when the Chow group is finite dimensional. 



We give examples in ^]9| illustrating two pathological properties of A'^{X). First 
we give examples of irreducible projective varieties X and Y of dimensions n and 
m, respectively, for which dim(A"+™(X x Y)) > dim(A"(X) x A'^(F)). Next, 
we exhibit a flat family X ^ S, with geometrically integral fibres, for which the 
dimension of A'^{Xs) is not locally constant on S. 

We do not study higher dimensional cycles in this article. For this reason we do 
not analyze L)™(X), A'^(X) = ker(D™(X) ^ H"^"^ {X , Z{m)) and their relation 
to the Chow ring Cif* (X,Xsing) considered by Levine in |[L2|| . 

After recalling the definition ( ||LW|] ) of the Chow group Cilf" (X)dego and its 
relation to the Picard group of curves, and a moving lemma from ||BilJ|] , we con- 
struct the analytic cycle class map in section 2 and prove theorem 2, (ii). In 
section 3 we prove theorem 2, (i) and give a cohomological description for the Lie 
algebra of A"(X). The regularity of if : Cif"(X)dego -^ A"(X) and the universal 
property (iii) for ip are shown by analytic methods in section 4. 

The next two sections, independent of the transcendental arguments used be- 
fore, contain the algebraic part of the article. We recall in section 5 some of the 
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properties of Picard groups of curves and apply them to general curves in X. The 
main technical tool in section 6 is the boundedness of the dimension of a regular 
quotient. This being guaranteed A"-{X) is constructed essentially using Lang's 



arguments |La 



In section 7 we give two slightly different proofs for part (iv) of theorem 2 and 
and (ii) of theorem 1, the first one building up on the transcendental methods, 
the second one using the algebraic arguments developed in sections 1, 5 and 6. 

1. Chow groups and regular homomorphisms 

We begin by recalling the definition of the Chow group of 0-cycles CH^{X), 
as given in |[LW|| (see also piS|| ). As in |[BiS|| , we adopt the convention that a 



point lying on a lower dimensional component of X is deemed to be singular. 
Let Xsing denote the (closed) subset of singular points, and Xj-eg = X — Xgi^g the 
complementary open set. The closure of X^^g is the union of the n-dimensional 
components of X. 

The group Z^{X) of 0-cycles is defined to be the free abelian group on the 
closed points of Xreg. The subgroup -R"(X) of cycles rationally equivalent to is 
defined using the notion of a Cartier curve. 

Definition 1.1. A Cartier curve is a subscheme C C X, defined over fc, such 
that 
(i) C is pure of dimension 1 
(ii) no component of C is contained in Xsmg 

(iii) if X G C n Xsing, then the ideal of C in O^^x is generated by a regular 
sequence (consisting of n — 1 elements). 

If C is a Cartier curve on X, with generic points ?7i, . . . ^tjs, and Os,c is the 
semilocal ring on C of the points of S* = (C fl Xsing) U {771, . . . ,77^}, there is a 
natural map on unit groups 



Oc,x:Olc — ®Ol^c- 



i=0 



Define i?(C, X) = image 6'c,x- For / G R{C,X), define the divisor of {f)c as 
follows: let Ci denote the maximal Cohen- Macaulay subscheme of C supported 
on the component with generic point r/j. Then for any x G Cj the map 

is the injection of a Cohen-Macaulay local ring of dimension 1 into its total 
quotient ring. If /j is the component of / in O^^^^c^ then f] = a^/h^ for some non 
zero-divisors axihx G Ox,Ci- Define 

s s 

{f)c = Y.Udc. = Y.Y.(i{Ox,cJaxOx,c.) - KOx,cJbxOx,c.)) ■ H 

i=l i=l xGC'i 

Standard arguments imply that this is well-defined {i.e., the coefficient of [x] is 
independent of the choice of the representation ft = ax/bx, and vanishes for all 
but a finite number of x). 
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Suppose C is reduced. Then in the above considerations, Cx,c, is an integral 
domain with quotient field Crji.c- If f i, • • • , f ^ are the discrete valuations of O^^^c 
centered at x, then the multiphcity of x in (/)ci is 

m 

(1.1) l{0,^cja.0^,c:) - ^{0.,cJKO^,c:) = Y^v.ifi) 



compare |Fu||, Example A. 3.1.). In fact, let R be the integral closure of O 



Ox,Ci i^ ^%,c- The Chinese remainder theorem implies that 

m 

i{R/a^R) = y^^Vj{a^), 
i=i 

and similarly for bx- Multiplying a^ and bx by the same element of O we may 
assume that both axR and bxR are contained in O, and 

i{0/axO) + i{R/0) = i{R/axR) + i{axR/axO). 

Since ax j^ the second terms on both sides are equal. 

Definition 1.2. Let U C X^eg be an open dense subscheme. R^{X, U) is defined 
to be the subgroup of Z"-{U) generated by elements (/)c as C ranges over all 
Cartier curves with CnU dense in C, and / G R{C, X) with {f)c G Z^'iU). For 
U = Xj-eg we write i?"(X) instead of -R"(X, Xreg) and define 

CH''{X) = Z"(X)//2"(X). 

Mapping a point x G X^g to its rational equivalence class defines a map 

7 : X,eg — > Ci/"(X). 

If Ui, . . . ,Ur denote the irreducible components of Xreg then Z"^(X)dego and 
Cif" (X)dego denote the subgroup of Z"(X) and C//"(X), respectively, of cy- 
cles S with deg((5|(7.) = for z = 1, . . . r. 

As noted in ||BiS|| , lemma 1.3 of [[LW|| allows one to restrict to considering 



only curves C such that C fl Xj-eg has no embedded points, and any irreducible 
component C of C which lies entirely in Xj-eg occurs in C with multiplicity 1. 
The moving lemmas 2.2.2 and 2.2.3 of ||BiS|] allow stronger restrictions on C: 



Lemma 1.3. Let A C Xsing be a closed subset of dimension < n — 2, and let 
D G X be a closed subset of dimension < n — 1. Then any element 6 G -R"(X) 
can be written in the form 6 = {f)c for a single (possibly reducible) Cartier curve 
C , such that 

(a) C is reduced 

(b) C n A = 

(c) C {~\ D is empty or consists of finitely many points. 

Corollary 1.4. If U G X^g is an open and dense subscheme, then 

CH'\X) = Z^{U)/R^{X, U) and CiJ"(X)dego = Z'^(f/)dcgo/i?"(^, U). 
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Proof. First note that the zero cycles supported on U generate CH'"'{X) since 
the corresponding assertion holds true for curves. The moving lemma |1.3| for 
D = X -U implies that i?"(X) n Z"(f/) = i?"(X, U). D 

Remark 1.5. Let X^^^ denote the union of the n-dimensional irreducible com- 
ponents of X, and let X"^" be the union of the lower dimensional components. 
Applying the corollary to X^^^ and the open subset U = X^^'> — Xsmg = X — Xging, 
we see that the natural map from CH'^{X) to Ci/"(X*^")) is surjective. It seems 
plausible that a stronger form of lemma |1.3| holds, where A is allowed to be any 
closed subset of X of codimension > 2 which is disjoint from supp (6). If this 
is true, then applying it to X*^") with A = X^"^ fl X*^", one sees that for any 
5 E -R"(X(")) n Z"(X) there exists a reduced Cartier curve C in X'^"\ disjoint 
from A, and / G -R(C, X*^"^) with 5 = {f)c- Then C is also a Cartier curve on 
X, and 5 G i?"(X). We deduce that CH'^iX) -^ Cif"(X('^)) is an isomorphism. 
We have as yet been unable to prove this. 

Remark 1.6. Keeping the notation from the previous remark, we note further 
that for k = C, the natural maps 

i72"(X,Z(n)) — > /72"(X("\Z(n)), D"(X) — > /^"(X^")), A"(X) — > A"(X(")) 

are isomorphisms, since X*^" has constructible cohomological dimension < 2(n — 
1) and coherent cohomological dimension < n — 1. 

As reflected by the notation, R{C,X) depends on the pair (C, X), and is not 
necessarily intrinsic to C. In fact, since we have not imposed any unit condition 
at singular points of C which lie in X^g, the functions / G R{C,X) are defined 
on some curve C", birational to C. 

Definition 1.7. Let C be a reduced projective curve and t : C ^ X he a mor- 
phism. Then (C, t) will be called admissible ii t : C ^ C = l{C') is birational, 
if C is a reduced Cartier curve and if for some open neighbourhood W of Xgjng 
the restriction of l to f^iW) is a closed embedding. 

If {C, l) is admissible one has an inclusion R{C', C) C R{i{C) , X) which is an 
equality if i~^(Xi.eg) is non-singular. 

Lemma 1.8. Let {C',l) be admissible. Then there exists a homomorphism (of 
abstract groups) 

f] : Pic°(C") ^ CH\C'U,,o — Ci7"(X)dego 

which maps the isomorphism class of Ocip — p') to 7(i(p)) — 7(i(p')). 

Proof. By definition Pic(C") = Z\C'^^^) / R{C' , C) and one has a map 

^o,:Z\C[,^)—.CH-{X). 

The equality (^ shows that for / G R{C' , C) the image of (/)c' in CR^{X) is 
zero. n 
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Notations 1.9. Let F be a non-singular sclieme witti irreducible components 
Yi, . . . ,Ys, let G be an abstract or an algebraic group, and let n : Y ^ G a. map 
or morphism. 

(i) After choosing base points Pi EYi a map 



71^ : S^{Y) := S^\[JYi) -^ G 



1=1 
m 



is defined by TT^{yi, . . . ,y^) = E51i(^(?/i) - ^(PpO)))^ where p{j) = i if 
Vj e Yi. 
(ii) To avoid the reference to base points, we will frequently use different maps: 

s 

7r(-):ny = |Jr, xK, — ^G 

i=l 

is defined by 7i'^-\y,y') = n{y) - 7r{y'), and 7rii7^ : ^'^(Hy) -^ G is the 
composite 5"^(ny) ^ 5'"(G) ^^ G. 

If G is an algebraic group, then the images of nm lie in the connected component 
of 0. In particular for U open and dense in X^eg we will frequently consider 

7(-) = 7;r^nt;— ^Gij"(x)dego 

and 7^ = ju,m : S^'iU) -^ Gi7"(X)dego. 

Lemma 1.10. Let G be a d- dimensional smooth connected commutative algebraic 
group and let T G G be a constructive subset which generates G as an abstract 
group. Then 

(i) the image of the composite map S'^(T) — > S'^{G) > G is dense 

(ii) ^2rf(r) — , S^'^iG) ^^G zs surjective 

(iii) if B is a non-singular scheme with connected components Bi, ... ,Bs and if 
d : B ^ G is a morphism with image T then the morphism 



^i"^ : S\IIb) = S\[^B, xB,)—^G 



i=l 



With 4~\ibu b[), . . . {bd, b2) = EtMb,) - ^(6^) is surjective. 

Proof. Let Fi, ... , F^ be the irreducible components of the closure F of F, and 
let Fj = f j n F. It is sufficient to find non-negative integers di, . . . ,ds with 
Z]i=i di < d such that the image of S"^i(Fi) x ■ ■ ■ x S"^^(Fs) is dense in G. To this 
end, we may assume that the identity of G lies on each Fj. 

Let f ^ be the closure of the image of S''^(Fi) in G. Since f ^ C f ^^^ there exists 
some di < d with F^^ = F^^^^ , and di is minimal with this property. Hence 
F^^ = F^ ^ and F^^^ is a subgroup of G of dimension larger than or equal to di. If 
s = 1, i.e. if F is irreducible, then f ^^ = G. 

In general, replacing G by G/Ti^ one obtains |1.1CI| (i) by induction on s. 

The second part is an easy consequence of (i). Let U be an open dense subset 
of G, contained in 5''^^(Fi) x ■ ■ ■ x ^'^^(Fs). Given p E G the intersection of the 



8 HELENE ESNAULT, V. SRINIVAS, AND ECKART VIEHWEG 

two open sets U and p — U is non-empty and hence there are points a,b E U with 
p — b = a. 

For (iii) we may assume that for some point b'^ G Bi, the image of Bi x {b'-} in 
Fj is dense, for each i. By (i) one finds di, . . . ,ds with X]I=i di = d such that the 
image 

4'\S''{B^ X {b[}) X ... X S'^{B, x {b',})) 

contains a subset U which is open in G. Given p E G the intersection of U and of 
p + f/ is non empty and hence p = a — 6 for two points a and b in f7. Obviously 
a — 6 hes in the image of v^- D 

Corollary 1.11. Let C he a reduced curve, let Bi, . . . Bg be the connected com- 
ponents of B = C^eg, let b'j G Bj be base points and let "d : B —* Pic°(C") be 
the morphism with 'd\Bj{p) = Ocip — b'^). Then there exists some open connected 
subscheme W of S^{B), for g = dimfc(Pic°(C")), such that'dw '■= "^gW is an open 
embedding. 



Proof. By |1.10| we find some W with i^wiW) open and i)w finite over its image. 
On the other hand, any fibre of i)g is an open subset of F{H^{C',Oc'{D))) for 
some divisor D on C"; hence the projective spaces corresponding to points of 
^wiW) must be 0-dimensional. D 

Lemma 1.12. Let G be a smooth commutative algebraic group, U C Xj-eg an 
open and dense subset, and tt : U ^ G a morphism. Then the following two 
conditions are equivalent. 

(a) There exists a homomorphism (of abstract groups) : GH"- {X)dcgo —* G 
such that 7r^~^ = <f)o 7*^") (as maps on the closed points). 

(b) For all admissible pairs (C, l) with B = (i~^([/))i.eg dense in G' there exists 
a homomorphism of algebraic groups tp : Pic°(C") -^ G such that the diagram 



n^ -^ G 

commutes. Here d : B ^ Pic(C") denotes the natural morphism, mapping a 
point p to the isomorphism class of the invertible sheaf Oc'{p)- 

Moreover, if the equivalent conditions (a) and (b) are true, the morphism tp in 
(b) factors as 



Pic"(C") -^ Gm{X) 



degO 



G 

and the image of (p : GH"-{X)dcgo —^Gis contained in the connected component 
of the identity ofG. 
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Proof. Assume (a) and let (C, l) be admissible and g = dim(Pic''(C")). Choosing 
base points b'j e Bj, one finds by |1.11| an open subscheme W of S^{B) such that 



the morphism 'dw : W -^ Pic°(C") is an open embedding. By |1.8| one obtains a 
homomorphism 

ij : Pic°(CO ^U Ci7"(X)degO ^ G 

of abstract groups. By assumption vr^"^ is a morphism of schemes and the same 
holds true for 7r*^~^ o i, : 11^ -^ G. Thereby the restriction of -ip to the open 
subscheme W C Pic°(C") is a morphism of schemes, and being a homomorphism 
of abstract groups V' is a morphism of algebraic groups. 

Since each point of X^g lies on some Cartier curve, the images of the connected 
algebraic groups Pic°(C") generate Cif"(X)dego and the image 0(Cif"'(X)dcgo) 
lies in the connected component of G, which contains the identity. 

The morphism vr'-"'' induces a map (p : Z"'{U) dcgo —^ G and it remains to verify 
that (b) implies that 0(i?"(X, U)) = 0. By [ij each 6 e /?"(X, U) is of the form 
{f)c for a reduced Cartier curve C. There exists an admissible pair {C, l) with 
l{C') = G and with L^^^Xj-cg) non-singular. (/)c is the image of (/)c" in Z"{U) 
and by assumption l o tt*^") factors through Pic°(C"). D 

Corollary 1.13. Let cj) : Cif"'(X)dego ^ G be a homomorphism to a smooth 
commutative algebraic group G. Then the following conditions are equivalent: 

(i) o 7^") : Ilxrc — ^ G is a morphism of schemes. 
(ii) There exists an open dense subscheme U of X^eg such that ^o^^^^jn^ is a 

morphism of schemes. 
(iii) Given a base point pi on each irreducible component U- of some open dense 

subscheme U of X^eg, the map it : U ^ G with tt\u'{x) = 0(x — pi) is a 

morphism of schemes. 
(iv) Given any m > and base points Pi on each irreducible component U[ of 

some open dense subscheme U of X^f,^, o 7^ : S^{U) -^ G is a morphism 

of schemes. 

Of course, "vr is a morphism of schemes" stands for "there exists a morphism 
of schemes whose restriction to closed points coincides with vr", an abuse of 
terminology which we will repeat throughout this article. 

Proof. Obviously (i) implies (ii). For U C X^g given, the equivalence of (ii), (iii), 
and (iv) is an easy exercise. In fact, the morphism vr in |1.13| (iii) is just o 7^. 

Assume that (iii) holds true for some U. We will show that the corresponding 
property holds true for Xreg itself. To this aim consider the map n : Xreg -^ G 
with 7r|(7'(x) = (f){x — Pi) and the graph P^ of tt in Xreg x G. By definition, 
Pff n t/ X G is the graph P^. Let Z be the closure of V.„ in Xreg x G. 

Pff is contained in Z. In fact, given a point x G Xreg one can find a Cartier 
curve G through x with f/flC dense in G and with B = CflXreg non-singular. By 
lemma |1.12| the morphism {t^Ichu)^'^ '■ ^cnu ~^ G factors through a morphism 



Pic (C) ^ G of algebraic groups and, in particular, it extends to a morphism 



10 HELENE ESNAULT, V. SRINIVAS, AND ECKART VIEHWEG 

n^ -^ G. Again this implies that the restriction of 7f to i? is a morphism, hence 
r^^ n i? X G is closed and therefore contained in Z. 

By construction the morphism pi : Z ^ Xreg induced by the projection is bira- 
tional and surjective. Let V C X^g be the largest open subscheme with PiL-Vy) 
an isomorphism. Then vf |y is a morphism of schemes and co(iiin.x,^^{X^eg—V) > 2. 



By theorem 1 in ||BLR|] , 4.4, 7i\v extends to a morphism X^eg -^ G. The graph of 
this morphism is contained in Z, hence it is equal to Z and vf is a morphism. D 

We end this section by giving the definition of a regular homomorphism, used 
already in the formulation of the main theorems in the introduction. 

Definition 1.14. Let G be a smooth commutative algebraic group. A homo- 
morphism : Ci/"(X)dcgo ~^ G (of abstract groups) is called a regular homo- 
morphism, if one of the equivalent conditions in |1.13| holds true. 

Lemma 1.15. The image of a regular homomorphism : GH"^ {X)dcgo ^ G is 
a connected algebraic subgroup of G. 

Proof. Let G' denote the Zariski closure of 0(Ci7"(X)dcgo)- By p,.12| , G' is con- 



nected and it is generated by the image of Hx^cg -^ G' . Hence [I.15| follows from 



the third part of Lemma |1.10| . D 

2. The cycle class map 

Throughout the next three sections we will assume that the ground field k is 
the field of complex numbers. Ox and f^^f/c ^^^^ respectively denote the sheaves 
of holomorphic functions and (analytic Kahler) differential ?Ti-forms. As in the 
introduction consider the Deligne complex 

V{n)x = (O ^ 'Lx{n) ^ Ox ^ ^^c ^ " " " ^ ^x7c ^ o) ' 

and associated cohomology group D^{X) = Il^"'{X,V{n)x)- In this section we 
construct the cycle class homomorphism GH^{X) — > D"(X), using Cartier curves 
G inX. 



By the moving lemma |1.3| it will be sufficient to consider reduced Cartier curves 
G in X. Note, however, that we do not have that C is a local complete intersection 
in X, in general; this is only given to hold at points of C fl Xging. This leads to a 
slight technical difficulty. We will need to define 'Gysin' maps for Cartier curves 
C in X. These are directly defined in case C is a local complete intersection, and 
in general one has first to make a sequence of point blow ups centered in Xreg to 
reduce to this special case. Indeed, even to show that the cycle homomorphism 
Z"'(X) — > D^{X) respects rational equivalence, a similar procedure needs to be 
followed. 

Note that the exterior derivative yields a map of complexes V{n)x -^ ^x/c [~^] ' 
and there is an obvious map T>{n)x — ^ 'L{n)x- 

Lemma 2.1. For x G Xj-eg, there is a unique element [x\ G Hj^AX,'D{n)x) 
which maps to the topological cycle class of x in Hj'^AX^'Lin)) as well as to the 
"Hodge cycle class" of x in H?^JX,fl^,^). 
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This gives rise to a well-defined cycle class homomorphism Z"'{X) -^ D"-{X), 
whose composition with D"'{X) -^ H'^"- [X , Z{n)) is the topological cycle class 
homomorphism. 

Proof. The element [x] exists because the topological and Hodge cycle classes 
both map to the de Rham cycle class of x in if|"i (X, C) = H[|"i (X, Q*^,^), by a 
standard local computation. See | |EV| ], §7, for example (though X is singular, the 
terms in the above computation depend only on a neighbourhood of x in X, and 

7 is applicable). D 



we have x e X^eg; hence [^V 



Lemma 2.2. In the above situation, if dim X = 1, then there is a natural quasi- 
isomorphism V{l)x — 0^[— 1], yielding an identification Pic(X) = D^{X) (and 
hence also Pic°(X) = A^{X)). Under the identification, the class of a smooth 
point [x] G D^{X) corresponds to the class of the invertible sheaf Ox{x). 

Proof. The natural quasi-isomorphism is equivalent to the exactness of the ex- 
ponential sequence. The description of the class of a point x as the class of the 
invertible sheaf Ox{x) is also a standard local computation. D 

Now we argue as in [[BiS|| , in order to show that the map Z"(X) -^ D^{X) 
factors through CH^{X). We follow the convention that the truncated de Rham 
complex of Kahler differentials 

has Ox placed in degree 0; thus we have an exact sequence of complexes 

-^ n<^cl-M — V{n)x — ZHx — > 0. 

Lemma 2.3. Let X be a projective variety of dimension n over C, and C G X 
be a reduced Cartier curve which is a local complete intersection in X . Then there 
is a commutative diagram 

Z\C) > Z'^iX) 



Q<n 



D\C) 



H\C,Z{1)) 



Gysin 



Gysin 



L>"(X) 



i72"(X,Z(n)) 



Proof. Consider the local (hyper) co homology sheaves 7i;^(D(n)x) of the com- 
plex V{n)x with support in C. We claim that for any point x G C, the stalks 
7{'(j{V{n)x)x vanish for j ^ 2n — 1, unless x is a singular point of C . Indeed, 
if X e C is a non-singular point (so that x G Xj-gg as well), then there is a long 
exact sequence of stalks 



W-l-n 



i-1^ 



7^r^(Z(n)x). © ^r "(^x/c). — > ^r (Cx). -^ nU'D{n)x 



n^{Z{n)x).®n^c"'{Q 



,n \ 

'X/CJx 



ni,{c 



■X)x 
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However ni;{Z{n)x)x = ^c(Cx)x = for i ^ 2n - 2, n^J'^{Z{n)x) injects into 
?i^"^^(Cx), and 7i^(i7^,j^)^ = unless i = n— I, for a, non-singular point x E C 

as above. This implies that 7Y;^('D(n)x)x = for j ^ 2n — 1, for such x. Also 
l-(?(^~^(T>{n)x)x fits into an exact sequence 

with 'H'^^-^{€x/Z{n)x)x = C/Z(l) = C*. 

Thus, l-L-'(j{V{n)x) is supported at a finite set of points, if j 7^ 2n — 1. Hence 
in the local-to-global spectral sequence 

we have El^''^ = for p > 0, g 7^ 2n — 1. In particular, there is a well-defined 
injective map 

a : H\C,nl^-\Vin)x)) — H^"(X,I)(n)x). 

We will next construct a natural map of sheaves on C 

0*c-^n'--\V{n)x). 

The desired Gysin map D^{C) -^ D"'{X) is then defined to be the composition 

lf''{X,V{n)x) = D'\X) 

To construct the map on sheaves O^ -^ TC'^~^(V{n)x), we argue locally, as fol- 
lows. Let U be an afSne neighbourhood in X of a point a; G C, on which the 
ideal of C is generated by a regular sequence of functions /i, . . . , fn-i, determin- 
ing a morphism f : U ^ -^c^^ such that /^^(O) = C HU. Note that there are 
well-defined sections (of the skyscraper sheaves) 

a G r(7^gj-2(Z(n)^.-0) = Z(l), (3 e TiH'l-^iQljl,^^)), 

which have the same image 7 G T (HJ^r'^ {0,'-i ,„)) , under the obvious maps, and 

such that f3 is annihilated by the ideal of in r((9^n-i), for the natural module 

structure on r(7Y|QJ^(i7"'~^i )). In fact, these conditions uniquely determine 

such a pair of sections {a, (3) up to sign, and there is a standard choice, with (3 
determined by dlog (zi) A ■ ■ ■ A dlog (zn-i), where Zj are the coordinate functions, 
so that [3 is the cup product of the local divisor classes 

(2.1) 
dlog(2;,) G r(A^-\^xt;„-.(O{,^.=0},fil.-i/c)) C r{AZ'\'Hl^^,y{Ql.-.^^)). 

Hence 7 is also determined. Now consider 

ra G riu,nl-~\z{n)x)), rp G r(f/,7^^-i(fiJ7^)), 

2n-l/ 



and n ET{U,n'-~\nT/c)) 



THE UNIVERSAL REGULAR QUOTIENT OF THE CHOW GROUP OF 0-CYCLES 13 

where f*a and f*(3 both map to /*7, and f*f3 is annihilated by any section of 
the ideal sheaf of C fl f/ in f/. Thus f*a and f*f3 yield maps of sheaves 

Z(l)c \u—^ nl^-'iZin)x) \u, Oc \u—^ ^c"'(fix7c) \u. 
giving rise to a commutative diagram of sheaves 

Z(l)c \u > nl?-\Z{n)x) \u 

Oc \u ^ 'HJ' (^x/c) \u ■ 

There is a long exact sequence of sheaves on C 

> K{Z{n)x) — ^M^x/c) — K^\'^in)x) — K^\Z{n)x) — ■ ■ • 

Hence from the exponential sequence 

— ^ Z{l)c —^Oc^^O*c—^0, 

and the above commutative diagram, we deduce that there is a well-defined map 
of sheaves 

We will now show that these locally defined maps patch together to give well- 
defined sheaf maps 

(2.2) Oc —- nl--\nT/c) and 0*c — 'Hl--\V{n)x). 

To do this, it suffices to show that the classes f*a, f*f3 and /*7 defined above are 
in fact independent of the map /, i. e., of the choice of generators for the ideal of C 
in U. This too can be seen "universally" . Since the ideal sheaf of C in X is locally 
generated by a regular sequence, any two such sets of local generators for Xc on 
the affine open set U differ by the operation of an element of GLn-i{Ox{V)), 
for some neighbourhood \/ of C fl f/ in f/. Hence it suffices to show that if 
p : GL„_i(C) X C"-i -^ C"~i is the projection, and m : GL„_i(C) x C"^^ -^ 
C"~^ the map given by the operation of GL„_i(C) on C"^^ by invertible linear 
transformations, then p*a = m*a, p*l3 = m*i3, and hence also p*7 = m*'j. We 
leave the verification of this to the reader, as a simple application of the Kiinneth 
formula. 

Finally, note that for U = Xj-eg, we have a commutative diagram with exact 
rows 

> Z{l)c \u > Oc\u ^ 0*c\u ^ 



— , n^^-\z{n)x) \u — > n^^-\n<^}^) \u — > n^^-\v{n)x) \u — > o 

where the left vertical arrow is an isomorphism. For a smooth point x E C ^ apply 
the functors '^^j^.j to the rows of the above diagram, and note that l-LlJZ{l)c) = 
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for j 7^ 2, and Ti^AOc) = for j ^ 1. We then obtain another diagram with 
exact rows 



-nUiOc) 



-nUiOh) 



^{.}(Z(l)c) 



— ^;.}(^c '(^l/c)) — ^U(^c"n^(^)x)) — 'H%}{n'--\Z{n)x)) — 



The bottom row may be identified (see Pa2|| , III, Ex. 8.7, pg. 161) with the exact 
sequence 










'H%}mn)x] 



ni^^mnu: 



0. 



We claim that, under the above identification, the local cycle class of x in 
?iL|(^(l)c) = '^}x}i^c) i^cips to the corresponding local cycle class of x in 
?i|"l (P(n)x)- Choosing a suitable regular system of parameters on X at x, we 
reduce to checking this in the special case when x G X is the origin G C", and 
the curve C is the 2„-axis, given by the vanishing of the first n — 1 coordinates. 
We again leave this verification to the reader. 
This means that, in the commutative diagram 



HUC,0, 



c) 



Hgj(X,P(n)x: 



H\C,0*c) = D\C) 



L)"(X) 



the cycle class of x in D^{C) maps to that of x in D"(X). Hence we have shown 
that there is a commutative diagram 



Z^{C) 



Z'\X) 



D\C) ^^ D"(X) 

It remains to show that the Gysin map Pic(C) = D^{C) -^ D"{X) is com- 
patible with the topological Gysin map H^{C,Z{1)) -^ H^''{X,'L{n)). Since 
Z^{C) -^ D^{C) is surjective, the compatibility of the two Gysin maps is clear 
from the fact that each one maps the class of x on C to the corresponding class 
onX. D 



Remark 2.4. Assume that the local complete intersection curve C lies in the 
Cohen-Macaulay locus Xqm of X. Then the first sheaf map in (|2.2|) factors as 



(2.3) Oc - 

To see this, note that 



^xtr'((^c,fix7c) 



nl''~\n: 



'■X/Cr 



(3 G V{kl-\8xt-^\{0^,},n-^\,^)) C V{Kt\ni~^\n-^\,^)) 



AJI-VC^ 



iq-^/c> 
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as it is the product of the classes dlog (zj) in (|2.1|). Further the map U —^ A, 



n-l 



is flat in a neigbourhood of C fl [/, as it is equidimensional. Thus /*/? defines a 

^7^)) mapping to r(f/,7^J-i(fi^-i) 



class in r(f/,^xt;j-"i(Oc, fi^-i)) mapping to r(f/,7^J-i(fi;^7^)). As 



^^^GL„_i(C)xC"-i(^GL„_i(C)x{0},"gL„_i(C)xC" 



^/c) 



C Hr^j ^^^^^rn^(CJL„_l(L) X C 5 "gL„_i{C)xC"-VC-'-'' 



rn— 1 
'gL„_i(C)x{0}^ 



the class f*(3 defines the factorization (|2] 



Lemma 2.5. Let X be projective of dimension n over C, f : Y ^ X the blow up 
of a smooth point x & X . Then the natural maps f^ : CH"-{Y) —>■ CH^{X) and 
f* : D'^{X) -^ D^(Y) are isomorphisms, and there is a commutative diagram 

Z^(Y) > D'\Y) 



Z'\X) 



D'\X) 



Proof. The isomorphism on Chow groups is easy to prove, using the fact that 
the exceptional divisor E' is a projective space (the details are in [ [BiSf ). That 
/* : D^{X) -^ D"(y) is an isomorphism is also easy to see, for the same reason, 
using also the exact sequence 







/*fix 



nl 



nl 



0. 



'x/c ' "y/c ' "s/c 

So we need to prove that if y G F is any smooth point, then its class in D^{Y) is 
the inverse image of that of f{y) in D^{X). This is clear if f{y) ^ x. If f{y) = x, 
we may argue as follows. There is a commutative diagram with exact rows 



Hf^^{Y,Z{n))®H^^^{Y,Q 



n \ 

Y/C) 



Hf^yiYXin)) 



mj^{Y,V{n)Y) 



r 



Hj^iY,Z{n))®H-E{Y.^Y/c) 

r 



Jj2n 



EiYXin)) 

r 



-^ I^UX,V{n)x) — H^:JX,Z{n))(Bm.{X,ni 



Hf-^{X,C{n)) -^ 



Here the downward vertical arrows are the natural maps ("increase support"). It 
is standard that the topological local cycle classes of x and y have the same images 
in i7|f (y, Z(n)). Similarly, the images in H^{Y,Q'y/,^) of the local cycle classes 
of X and y in Hodge cohomology are also known to be equal; for example, this 



follows from the existence of a Gysin map /* : H? -.{Y, ^ 



^Y/C) 



Hl}{X,^ 



which maps the local class of y to that of x, and which factors through 

(/* 



x/c) 



H^iY,a 



n \ 

Y/C) 



h7x\{.x,vl\ 



'■{x}K^i^^X/C)- 

Thus f*[x] = [y] G EI^(y, 'D(ri)y), and hence a similar equality is valid in D"'{Y) 
as claimed. D 
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Lemma 2.6. The map Z"'{X) —>■ D^[X) factors through CH"'{X), and hence 
determines a homomorphism if : Cif"'(X)dego ~-* A"(X). 



Proof. This is similar to the corresponding proof in [|BiS|| . Let C C X be a 
reduced Cartier curve, and / G R{C,X). Let n : Y —* X he a. composition 
of blow ups at smooth points so that the strict transform C of C in y satisfies 
C. 



sing 



^ l~l ^sing — 



C n Xsing. Then 



RiC, X) = R{C, Y) = R{C, C), 



and 7tM)c = U)c e Z"(X). Now from lemma U, {f)^ ^ G I^"(F), and so 
from lemma |2;|, (/)c = vr,(/)^ = G D"(X). 



D 



Corollary 2.7. If f : Y ^ X is a composition of blow ups at smooth points, 
then we have a diagram 



CH'^iX) 

f* 
CH'^iX) 






Corollary 2.8. For any reduced Cartier curve C <Z X , there are commutative 
diagrams 



Z^{C) 



Z"(X) 



Pic(C) ^^ Ci7"(X) 



D\C) ^^ D"(X) 



H\C, Z{1)) ^^ H^''{X,Z{n)) 



and 



Pic°(C) 



A\C) 



CH^ {X)dcgo 



A"(X) 



Proof. As in the proof of lemma ^.61 , by a compositon of blow-ups at smooth 
points, we reduce to the case when C is a local complete intersection in X. Then 
lemma ^]3| implies the corollary. D 



Considering embedded resolution of singularities one obtains from ^]8| and ^^ a 
second construction of the Gysin map in |1.8| over C At the same time, it gives 
the compatibility of this map with the Gysin map for the Deligne cohomology, 
constructed in 5751 
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3. Some general properties of A^^X) over C 

It is shown in [[BiSj that if X is projective over C of dimension n, then there is 
a natural surjection (which is referred to in [BiS| as the Abel-Jacobi map) 



AJ^ : Ci7"(X)dego — J'^iX) : 



F0if2n~i(x, C(n)) + image if 2n-i(x, Z(n)) ' 



where by results of Deligne, J"'{X) is a semi-abelian variety (since the non-zero 
Hodge numbers of H^'^-^X, Z(n)) lie in the set {(-1, 0), (0, -1), (-1, -1)}). 

Lemma 3.1. Let X be projective of dimension n over C Then there is a natural 
surjection ip : A^lX) -^ J"(X), whose kernel is a C-vector space. A'^{X) has 
a unique structure as an algebraic group such that ip is a morphism of algebraic 
groups, with additive kernel (i.e., with kernel isomorphic to a direct sum of copies 

ofGa). 

Proof. By a result of Bloom and Herrera ||BH|| , the natural map 

H'^-\XX{n)) — . H];^^\x/c) = e2"-i(x,fi^/e) 

is split injective. As explained in [0 (9.3.2), if X, —> X is a suitable hypercov- 
ering by a smooth proper simplicial scheme, the splitting may be given by the 
composition 

Hl^'^^X/C) -^ H]^^\X./C) ^ if'"-^(X.,C(n)) = i72"-i(x,C(n)). 

From this description, the splitting is a map of filtered vector spaces, where 
if2"~^(X, C(n)) has the Hodge filtration for the mixed Hodge structure while 
^DR'^iX/C) has the truncation filtration {i.e., the filtration bete). 
Hence we obtain a commutative diagram 

if2n-i(x,C(n)) > H^''-\XX)/F^H^''-\XXin)) 



e2«-i(x,fi<;j 

The map i) induces the map ip taking quotients modulo if2"~^(X, Z(n)). Note 
that by weight considerations, the natural map 

ij2— i(x,Z(n)) — > /72"-i(X,C(n))/F°i72n-i(x,C(n)) 

has a torsion kernel. Hence the kernels of ip and •& are the same (and the latter 
is a C-vector space). This represents yl"(X) as an analytic group extension of 
the semi-abelian variety J"(X) by an additive group G^, for some r, and hence 
as an analytic group extension of an abehan variety by a group GJ^ x Gf„. As 
noted in Q, (10.1.3.3), for any abelian variety A over C, the isomorphism classes 
of analytic and algebraic groups extensions of A by either G^ or by G^ coincide 
(as a consequence of GAGA); hence a similar property is valid for extensions by 
GJ^ X G^. This implies that A"{X) has a unique algebraic structure such that ip 
is a homomorphism of algebraic groups over C, as claimed. D 
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For X a curve, as in (i) of the next corollary, note that Pic''(X) has the natural 
algebraic structure obtained by representing a suitable Picard functor. In par- 
ticular, given an algebraic family of divisors (of degree 0) on X parametrized by 
a variety (or scheme) T, the induced map T — > Pic°(X) is automatically a mor- 
phism. On the other hand, A^ {X) has the algebraic structure given by lemma p.l| . 
Hence, a priori, the induced map T — > A^{X) obtained from such a family is only 
analytic, since it is essentially given by integration. From (i) of the corollary, 
it will follow that it is in fact algebraic. The content of (ii) of the corollary is 
similar. 

Corollary 3.2. 

(i) If X is a curve, then the natural isomorphism Pic°(X) = A^(X) is an 

isomorphism of algebraic groups. 
(ii) In general, if C G X is a reduced Cartier curve, then the induced homomor- 
phism A^{C) -^ A"'{X) of corollary |^.i§| is algebraic. 

Proof, (i) The identification is certainly analytic, and in both cases, when one rep- 
resents the algebraic group as an extension of an abelian variety by a commutative 
affine group, the abelian variety in question is just Pic°(X) = J{X) = D^{X), 
the Jacobian of the normalized curve X (by which we mean the product of the 
Jacobians of the connected components of X). Now one argues that the iden- 
tification must be algebraic as well, since one has the one-one correspondence 
between analytic and algebraic extensions of an abelian variety by GJ^ x G^. 

(ii) Let X — > X^") be a desingularization of X*^"^ such that the proper transform 
C of C is the normalization of C. First note that one has a factorization 

A\C) > A"(X) 

j\c) > r{x) 

A\C) ^ A"(X) 

where all maps are analytic group homomorphisms, and the vertical ones are 
algebraic (lemma |3.1| ). Indeed the map C ^> X induces a morphism of mixed 
Hodge structures H^{C) — » iJ^"~^(X), and therefore an analytic group homo- 
morphim J^{C) -^ J"(X), which has to be algebraic as it is compatible with its 
abelian part J^{C) —^ A"'{X) and all analytic group homomorphisms G^ -^ G^ 
are algebraic. Similarly, all group homomorphisms G^ -^ GJ^ are algebraic, and 
therefore A^{C) -^ A"'{X) is algebraic as well. D 

Definition 3.3. For any commutative algebraic group A over C, let ^2(^4) denote 
the dual vector space to the Lie algebra Lie (A). We may then identify Q[A) with 
the vector space of (closed) translation invariant regular 1-forms on A. 
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Our next goal is to give a description of r2(y4"'(X)), generalizing the fact that 
for a non-singular projective variety X, Q{A"'{X)) is the space of holomorphic 
l-forms on X (since in that case, A"'{X) is the Albanese variety of X). 

Lemma 3.4. Let X be projective of dimension n over C, and let ujx denote the 
dualizing module of X (in the sense of |^a], Ch. Ill, §7j. Let X^"-* he the union 



of the n-dimensional components of X , and letuox(n) denote its dualizing module. 

(i) uJx is annihilated by the ideal sheaf of X^^^ in X. With its natural induced 
structure as an Oxin) -module, ux — ujxM, and is a torsion-free OxM- 
module. Hence for any coherent Ox-module T, the sheaf Homo xi^^^x) 
is also naturally an Ox(n) -module, which is Ox(") -torsion free, and for any 
dense open set U C X^"^' , the restriction map 

B.omx{J^,uJx) — > RomuiJ^ \u,^x \u) 
is injective. In particular, taking U = X^-^g, so that ujx \u= ^u/c ^'^^ 
taking T = f^^'/C' '"'^ have that }lom.x{^^/c,^x) may be identified with a 
C-subspace of the vector space of holomorphic l-forms on X^g which are 
meromorphic on X^^\ 
(ii) Q{A"'{X)) is naturally identified with the subspace ofB.oim.x{^^/Q,^x) con- 
sisting of closed l-forms. 
(iii) When n = 1, 

n{A\X)) = fi(Pic°(X))) = H'^{X,iUx). 

(iv) Let j : Xcu ^ X be the inclusion of the open subset of Cohen-Macaulay 
points. The natural map 

fi(A"(X)) — y (closed l-forms in Homx(fi;^7c, jTj'^x) 

is an isomorphism, where j™ denotes the meromorphic direct image. 

Proof, (i) We note first that ux — u^xM, and the latter is a torsion-free OxM- 
module. Indeed, if we fix a projective embedding X ^-> P^, then 

UJx = £xtpM'^{Ox,u}pN), 

and there is an analogous formula for Uxin) . As in ||Ha|| , we see by Serre duality on 
P^ that Sxt\J^, tupiv) = for alH < X — n for any coherent sheaf J-' supported 
in dimension < n. This gives the desired isomorphism, and implies that any 
local section of Ox(n), which is a non zero-divisor, is also a non zero-divisor on 

£xt^i^'^{Ox,ujf.N). This means exactly that cu^C") is torsion-free. 

We conclude that for any coherent Ox-module JF, the sheaf Horn x{^,^x) is 
a torsion-free Cx(")-niodule as well. Applying this to JF = Vi'^1 gives (i). 

(iii) is a special case of (ii). To prove (ii), first note that from the definition of 
^"(X), we have 

(3.1) Lie (A"(X)) = coker {d : iy"(X, Q'^^'^D -^ H"{X, ^^7^))- 
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From Serre duality for if" and Horn, as in the definition of the duahzing sheaf in 



Ha| , we have an identification of the dual vector space 

for any i. Thus il^A^^X)) is identified with the subspace of }ioino^(n'^l,uJx) 
of elements ip such that the composition 

e : if "(X, n-^-l) ^ H-{x, n^-l) ^ h-{x, ux) = c 

is 0. It remains to show that, identifying elements (^ G }ioraQ^{n^l,uJx) with 
certain holomorphic 1-forms on Xj-^g, Q{A'^{X)) is just the subspace of closed 
1-forms. 

To see this, since we may consider </? as a meromorphic 1-form on X which 
is holomorphic on X^-eg, we can find a coherent sheaf of ideals JT, defining the 
Zariski closed subset Xsing C X {i.e., the subscheme determined by J' has Xsing 
as its underlying reduced scheme), such that 

(i) r] t-^ 7] A if defines an element of }ioraox {J^^^/c^ ^x/c) 
(ii) r] t-^ r] A dip defines an element of Homo^(jrr2^"T^, tux), where we view cux 
as a certain coherent extension of fi^^^ ,^ to X. 

(Here J'J-' denotes image ( JT" ® JF -^ JF) , for any ideal sheaf J' and coherent sheaf 
JF). Since J' defines Xsing within X, the natural map 

is surjective, and for any p G }lom.Q^{Q^l,Ux), the composition 

i, : H^{X,jn^^-^^^) ^ ii"(X,fiJ7i) ^ H^iX^cox) = C 
factors through i. Thus 

p G Q{A'\X)) ^^ £i = 0. 
We have 2 other related linear functionals 

4 : H^ix, jn^^jl) — ^ c, £3 : H^{x, jn^^^D — ^ c, 

defined by 



'-2 



: H^{X,jn\-c') ^^ H^{X,uJx) = C, 



^3 : H-{X,jni-l) ^ ii"(X,fi"7^) ^ H-{X,ux) 



where in the definition of £3, we have let d also denote the composite of the 
exterior derivative f^J"7c ~^ ^x/c with the natural map f^^/^ — > ojx- The formula 

d{r]Ap) = dr]Ap + (-l)""^// A dp, 

for any n — 2 form rj, implies that is = ii + {—l)"'^^i2- 

Now by Serre duality and the Cj^(n) -torsion freeness of Horn c)^(J'Q,^l,uJx) 
(see (i)), £2 vanishes precisely when dp = as a 2- form on Xreg- On the other 
hand, we claim that for any p G Homc)^(f2^"^^,u;x), the map £3 constructed as 
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above is always 0. This will imply that ii = <^==^ ip is a closed meromorphic 
1-form. 

To prove that £3 vanishes, it suffices to prove that the map 

vanishes. One way to understand this is to note that if vr : y — >^ X is a resolution 
of singularities, then there is a commutative diagram 



H-{Y,^^y') -^ H-{Y,ujy) 



"y/c 



which reduces us to proving that H^{Y,Vty,^ — ^ H^{Y,ujy) vanishes. This fol- 
lows from Hodge theory, or alternately may be proved as in ||Ha2|| , III, lemma 8.4. 



Proof of (iv): We begin by recalling that since X is reduced, it is Cohen- 
Macaulay in codimension 1, so that Z = X — j(Xcm) has codimension > 2 in X. 
Let X denote the ideal sheaf of Z in X. Let V^ be the complex of sheaves 

P^ = (0 ^ J!Zxcm(^) ^ ^'"^""^ ^ x™+"-2^i,/e A • ■ ■ ^ x-n^;!). 

Then T>m is a subcomplex of V{n)x, whose cokernel complex consists of sheaves 
supported on Z; the 0-th term of the cokernel is Z{n)z, while the other terms are 
coherent sheaves supported on Z. Since dimZ < n — 2, we see that H* of this 
cokernel complex vanishes for i >2n — 1. Hence M'^"-{X,Vm) -^ ]HI^"(X, P(n)x) 
is an isomorphism, for all m. Now as in the proof of (i), one uses duality, to 
conclude that for all m, there are isomorphisms 

Rom{n^^-^l,uJx) — > Hom(J™fi^/^,cux), 

Hom(n^72^^^) — ^ Hom(J™n^72^a;x), 

and taking the direct limit over all m, we obtain (iv). D 



Our next goal is the proof of proposition |3.7| , which gives us another useful 
way to recognize elements of the vector space r2(A"(X)). We make use of two 
lemmas. 

Lemma 3.5. Let X C P^ be a reduced projective variety of dimension n. Then 
we can find a finite number of linear projections iTi : X ^ P^, each of which is a 
finite morphism, such that the induced sheaf map 

i 

is surjective. 

Proof. For any linear projection vr : X -^ P^, there is a factorization 

*Qn— 1 Qn— 1 xj, A~) y . Q?i— 1 

where the natural map ip is surjective. 
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So it suffices to prove the stronger assertion that there are projections ttj as 
above such that the induced sheaf map 



^ vr*fip„/^ > ^pA'/c ® ^^ 



is surjective. 

We claim that for any x ^ X, we can find a finite set of such projections 
TTj : X — > PJ^ such that the map of C- vector spaces 

n*n^~l^ ® c(7r,(x)) — ^ n;^'^^ ® c{x) 

i 

is surjective. Indeed, the Grassmannian Gc(^ + 1, A^ + 1) (of n + 1 dimensional 
subspaces of C^"*"^) parametrizes linear projections from P^ to F^, and it con- 
tains a dense Zariski open subset corresponding to projections which are finite 
morphisms on X. Hence the n-dimensional vector subspaces 



n 



Tipn/c ® C(7r(x)) C fipiv/c ® C(a;) 



also range over a Zariski open subset of the Grassmannian of n-dimensional sub- 
spaces of the cotangent space of P^ at x. In particular, we can find a finite 
number of them whose (n — l)-th exterior powers span the {n — l)-th exterior 
power of this cotangent space, namely fi^N]^ ® C(x). 

Now suppose TCi, . . . , tt^ are chosen finite linear projections X -^ PJ^, and that 

r 
i=l 

is not surjective. We can then find a point a; G X at which the cokernel 
is non-zero. By the above claim, we can augment the set of projections to 
TTi, . . . ,7ir, 7ir+i, ■ ■ ■ , TTg SO that the cokemel of the new map 

r+s 

^7r*fip„/c > ^p^'/c ® ^^ 

does not have x in its support. Thus the support of the cokernel has strictly 
decreased. Now the lemma follows by Noetherian induction. D 

Lemma 3.6. Let J-' be a reflexive coherent sheaf on P^, and u a meromorphic 
section of J^ ® ^p^/c which is regular on some given (nonempty) Zariski open 
subset W C P^- Suppose there is a non-empty open set V in Gc(2,n -|- 1), the 
Grassmannian of lines in P^, such that 

(i) each line L E V meets W , and is disjoint from the non locally-free locus of 

T 
(ii) for each L E V, the image of uj in (JF (g) ^\,^) {ldw extends to a regular 

section of J-' (E) ^\/£ on L. 
Then uj extends (uniquely) to a regular section on P^ of J-' ^Q^n/^. 



THE UNIVERSAL REGULAR QUOTIENT OF THE CHOW GROUP OF 0-CYCLES 23 

Proof. Since JF is reflexive, it is locally free outside a Zariski closed set A (of 
codimension > 3), and any section of J-" ® ^pn/c defined in the complement of A 
extends uniquely to a section on all of P^. Since cu is a meromorphic section, it 
determines a (unique) regular section of some twist J-'^fll,„,^{D), for an effective 
divisor D; there is a unique such twist D which is minimal with respect to the 
partial order on effective divisors (determined by inclusion of subschemes). Our 
goal is to show that D = 0. 

If F is an irreducible component of supp D which appears in D with multiplicity 
r > 0, then we can find a point x G -F such that 

(i) X is a non-singular point of F, and does not lie on any other component of 

D; further, JF is locally free near x 
(ii) V contains a line through x 

(iii) there is a regular parameter t G O^^pr, [i.e., t is part of a regular system 
of parameters) such that t defines the ideal of F at x, and such that fuj 
determines a regular, non- vanishing section oi T®^\,-ai^ in a neighbourhood 
of X. 

It then follows that for a non-empty Zariski open set of lines L through x, we 
have L &V , and t^uo maps to a regular, non- vanishing section of JF (g) Vt^,,^ near 
X, while uj itself maps to a regular section of JF eg) Vt^,^. However, t vanishes at 
X. This is a contradiction. D 

If C C X is a reduced, local complete intersection Cartier curve, then in 
fact C C XcM n X*^") (recall that Xcm denotes the (dense) Zariski open subset 



of Cohen-Macaulay points of X). The sheaf map Oc -^ Tic i^li/d i^ (13) 
induces a composite map 

ac : H\c,Oc) — H\c ,n'^-\^i-,l)) — i/s(x,fi^7^) -^e2"-i(x,fi<;^). 

This is just the map Lie (Pic°(C)) — > Lie (A"(X)) on Lie algebras induced by the 
composition of the group homomorphisms Pic°(C) -^ A^{C) and the Gysin map 

A^{C) -^ v4"(X). 

Proposition 3.7. 

(a) Let C C X be a reduced, local complete intersection Cartier curve, and let 
U C Xreg bc a dcnsc open subset such that U H C is dense in Creg- Then 
the dual al (^f (^c ■ H\C,Oc) -^ m^''-^{X,n<'J^) (i.e., o/Lie (Pic°(C)) -^ 
Lie {A"'{X))) fits into a commutative diagram 



n(A"(X)) -^-^ H°{X,eg,^l 



Xrcg/C/ 

restriction 



H^{c,ujc) -^-^ H^{cnu,nl 



Cnu/C) 



(Here the right hand vertical arrow is given by restriction of 1-forms.) 
(b) Let U C Xreg ^e a dense Zariski open set, and let uj G V{U,Vl]ji^ be closed. 
Then uj G fi(v4"(X)) if and only if 
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(i) uj yields a meromorphic section on X of fi^/£ 

(ii) for any reduced, local complete intersection Cartier curve C <Z X such 
that C nU is dense in C , the restriction of uj to B = Creg P^U is in the 
image of the natural injective map 



H\C,uc)-^H%B,Q\ 



B/C)- 



Proof. First we prove (a). From lemma |3.4] , it suffices to prove that if f3c • 
H^{C,Oc) -^ -^"(^j^x/c) ^^ ^^^ obvious map through which ac factors, then 
the dual map (3^ ffis into a commutative diagram 

HyX,nomxin-^-i,uJx)) ^ H%X,,,,n],,^) 



"X/C 

c 



restriction 



Here we have used Serre duality on X and C to make the identifications 

//"(X,^^;!)^ = H\X,nomx{ni~^l:,u;x)), 

Since C is a reduced, local complete intersection Cartier curve in X (so that 
C C XcM n X^")), we have the adjunction formula 

n-l 

Uc = Horn c( /\ 1c /1c, ^x ® Oc)- 
Hence there is a natural sheaf map 

n-l 

il)c : 7Yomx(fi^/c'^^) — ' Homc{f\ 1c/1c,^x ® Oc) = uc 
induced by restriction to C, and composition with the natural map 

n-l 

f\ic/il^n\-l®Oc, 

/i A • ■ ■ A fn-l I — >dfl^ dfn-l. 

On any open set U C X^g with U \~\ C C. Crog, one verifies at once, from the 
explicit description, that the map ipc \u is just the restriction map on 1-forms 

Hence the desired commutativity (which implies (a)) follows from: 

Claim 3.8. /^"^ is the map induced by ipc on global sections. 

To prove the claim, ffist note that for the local complete intersection curve C 
in XcM, one also has 



f.«r(Oc,..)^{- tTA, 
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Hence there is a Gysin map given as the composite 
H\C,ujc) = H\X,8xtl-\Oc^uJx)) ^ Ext^(Oc,^x) 

where e is the isomorphism resulting from the (degenerate) spectral sequence 
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E. 



a,b~a 



H\X,Sxt'^\Oc.uJx)) =^ Ext^(C»c,^x) 



The trace map Trc : H^{C,uJc) 



(of Serre duality on C) factors as 



Gysin 



TTc:H\C,uJc)^^^^H^iX,iUx 



Tr, 



c 



(one way to verify this is to show that the composite Tr^ o Gysin has the universal 
property of Trc) • 

Now the claim |3]^ amounts to the assertion that the following diagram com- 
mutes: 

H\C,Oc) ^^ if"(X,fi 



n— 1 ^ 

X/CJ 



i'cif) 



H\C,uc) 



Gysin 



^"(X,^x) 



From Remark T^, this will follow if we prove the commutativity of the diagram 
of (9x-linear maps 



Oc 



-^ Sxtl~\Oc,nT^^ 



X 



"x/cJ 



SxV^-\Oc,uJx). 



As Uc is torsion-free, it is enough to check this commutativity on a suitable open 
subset of the regular locus of C, where it is easily verified. 

We now show the "if" part of (b) (note that the other direction follows directly 
from (a)). By lemma p.5| , it suffices to prove that for each finite, linear projection 
TT : X — > Pg, the meromorphic 1-form lv determines a section of 

Homx{TT*^p^jc,uJx). 

Since vr is a finite morphism, 

Tc^ux = 'Homf.n{n^Ox,u}F^), 
and we have a sequence of natural identifications of sheaves 

TT^Hom x{'n'*^p^j^,ujx) = HomTpn{Q'^~J^ (g) vr^Oj^ ,co'pn) 
= Ho'mpn{TT^Ox,'Hompn[Q^-l^^ujFn)) ^ J"® fipn/^, 

where JF = 7iorripn(7r*(9x, 0p") is a (non-zero) coherent refiexive sheaf on P^. 

Let W cF^hea dense open subset such that n~^(W) C U. Then u determines 
a section of J-'®Ql,„,^ on W, and we want to show it extends to a global section of 
this sheaf. We do this by verifying that the hypotheses of lemma [X^ are satisfied. 
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Let L be a line in P^, disjoint from the non-flat locus of vr : X^"^^ -^ PJ^ 
(which is a subset of P^ of codimension > 2, since X^"^^ is reduced and purely of 
dimension n). Then the scheme-theoretic inverse image of L in X*^"^ is a closed, 
local complete intersection subscheme of X^"'\ purely of dimension 1, and which 
is contained in the Cohen- Macaulay locus of X^"^ (since X'-"-' is Cohen-Macaulay 
precisely at all points x G X where vr is flat). If further L is not contained in 
the branch locus of vr on X^"^ (i.e., vr is etale over all but finitely many points of 
L), then 7r^^(L) = D is non-singular outside a finite set. Thus D is a reduced, 
complete intersection curve in X^"^. Further, if DflX^" = 0, then D is a reduced 
local complete intersection curve in X, whose non-singular locus is contained in 
Xreg. In particular D is a reduced Cartier curve in X. Finally, if L is not contained 
in the image of X — f/, then D has finite intersection with X — U, and hence 
D n U is dense in D. Clearly the set of all such lines L contains a non-empty 
open subset of the Grassmannian of lines. 

For a line L as above, we have 

tt^ud = HomLiTc^OD,ujL) = Horn l{tc^Ox ® Olj^ol) 
^ HoniLin^Ox ® Ol, fii/c) = ^ ® ^i/c, 

since JF (g) Ol = Hom l{tt*Od, Ol) (as n is fiat over L). Since we are given that 
the image of u in f^^jnc/zc extends to a global section of ujd, it follows that the 
corresponding section of ^ ® ^l/q Ildw extends to a global section of JF (g) Q\,^. 
Thus we have verified the hypotheses of lemma WM D 



Remark 3.9. Two properties of A"(y), which are true for smooth projective 
varieties Y, do not carry over to the general case: the compatibility with products, 
and its dimension being constant in a fiat family. We give examples to illustrate 
these pathologies. 

Let X and Y be projective varieties of dimension n and m, respectively, and 
let r{X) and r{Y) denote the number of irreducible components of dimensions n 
and m respectively. By [0 the Kiinneth decomposition 

^2(n+m)-l(^ X r,Z)/(torsion) = [//^""^(X, Z)^(^) © i/^— ^ (F, Z)^W] /(torsion) 

is compatible with the Hodge structure. Thus 

(3.2) r'+'^iX xY) = J"(X)"(^) X J™(F)'-(^). 

For ^""''"^(X X Y) the picture is wilder. By (|3.1|) in the proof of |3]^, we have 

(3.3) Lie(A"+™(XxF)) = 

if"(fiJ7^) ® i/™(fi??/c) © ^"(fi^/c) ® ^™(fiy/c ) 



i7"(fi^7^) ® if-(fi??/c) © i^"(fi^7^) © i^™(fi?/c') © HH^x/c) ® H^i^vic) 
where the maps from the denominator are 

(ix©idy, dx © idy + (— l)"~^idx © <iy and idx © <iy- 
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Consider an elliptic curve E, the rational curve F = {x^ — y'^z) C P^, with a 
cusp, and the union of three rational curves C = (xyz) C P^. They all are fibres 
of the family C ^ P = F{H^{F^, Cp2(3))) of curves of degree three in P^. 

Hodge theory implies that 

d:H\E,OE) — >H\E,Ql) and d:H\C,Oc) — >H\C,QI.)=C^ 
are both zero. Using ( p.3|) this shows 

A\C xE) = J\C xE) = A\C) X A\Ef = G^ x E^ 
A\C xC) = J\C xC) = A\Cf X A\C)^ = G^. 

On the other hand, F — (0 : 1 : 0) = Spec (C[t^, t^]) and, if tt : F — i> F denotes the 
normalization, one has exact sequences 

— >Or — > 7r,(Cf ) — yCt — ^ and 
-^ fi^/c — ^ T^*i^l/c) —^ ^^^ —^ 0- 
Thus a = H^T, Or) -^ Cdt — > H\T, n^^^) = C^ and one obtains by |3: 
A\r xE) = GaXE = A\r) X A\E) 
A2(FxF) = = G^ whereas ^^(F) x A^(F) = G^ x G 



In particular, a product formula as ( ^.21 ) fails for A^ instead of J"', and the 
dimension of J" and A" are not constant for the fibres C x C — i> P x P. 
It is amusing to write down the cycle map for the last example. Writing 

Treg X Freg = (F - (0 : : 1)) X (F - (0 : : 1)) = Spec {C[u] Oc C[v]), 

Q{T X F) = Homrxr(^rxr/C' '^rxr)ci decomposes as 

{H\r, Horn (l]J./|c, lot)) ® H\r, ur) © H%r, ur) ® H\r, Horn (fi^/c, o;r)))ci 
= (Cdv © Cudv © Cdu © Cvdu)ci = Cdv © Cdu © C{udv + vdu). 
The cycle map is 



rogXTrog — ^C ^ ^C 


-G^ 






( du 


^ 2/1 - xi 


((xi,a;2), (1/1,2/2)) ^ 


-^ < dv 


^ y2-x2 




1 udv + vdu 


^ 2/12/2 - a;ia;2- 



4. The universal property over C 

Let Ui, ... ,Urhe the connected components of X^^g, and for each i, let pi G Ui 
be a base point. 

Let G be a commutative algebraic group. By |1.14| and |L13| a homomorphism 



(of abstract groups) (f) : Cif"(X)dego ^ G is regular, if and only if o 7^ 
S"^{X^cg) ^ G is a morphism of varieties, for some m > 0. 

Theorem 4.1. 



28 HELENE ESNAULT, V. SRINIVAS, AND ECKART VIEHWEG 



The homomorphism (f : Ciir"(X)dego ~^ A'^(X) constructed in lemma [^75| is 
regular and surjective. 

The cokernel of the map Hi{Xj.eg,Z) -^ Lie(y4"(X)), defined by integration 
of 1-forms over homology classes, is naturally isomorphic to A^{X) and the 
composite (if o 7)^"^ : Ilxrcg —* CH'^ {X)dcgo -^ A"(X) is given by 



ry 
{x,y) I — ^{u^ / u} 

J X 



(iii) (Universality) ip satisfies the following universal property: for any regular 
homomorphism (f) : Cif^ (X)dego —>■ G to a commutative algebraic group 
there exists a unique homomorphism h : y4"(X) -^ G of algebraic groups 
with (f) = h o (f. 

Proof of (i). It suffices to prove that v' o 7;^ : U = X^g — > A^{X) is a mor- 
phism. Note that, from the definition, it is clearly analytic. Further, we have the 
following. 

(a) the composition U -^ A"(X) — > Alb (X) is a morphism, where X is a 
resolution of singularities of X^"\ since we may then regard U as an open 
subset of X, and the map U -^ Alb (X) is the restriction of the Albanese 
mapping for X, with appropriate base-points. Here Alb (X) is the product 
of the Albanese varities of the connected components of X, and A"(X) is an 
extension of Alb (X) by a group G^ x G^, so that in particular A^i^X) —>■ 
Alb (X) is a Zariski locally trivial fibre bundle. 

(b) For each reduced Cartier curve C C X, the composite 

is a morphism. Indeed, for each component Bq of Creg? the composition 

Bo—^U^ Ci/"(X)dego -^ A^iX) 
agrees with 

Bo — Pic°(C) — ^ CiJ"(X)dego -^ A^iX) 
up to a translation, and by corollary p.2| , the latter is algebraic. 
Now we may argue as in ||BiS|| : we are reduced to proving that if l^ is a non- 



singular affine variety, a holomorphic function on V which is algebraic when 
restricted to "almost all" algebraic curves in V, is in fact an algebraic regular 
function. This may be proved using Noether normalization and power series 
expansions for holomorphic functions on C", or deduced from [^, (1.1). 

Since Q{A"'{X)) is a finite dimensional subspace of 1-forms on U, there exist 
reduced local complete intersection Cartier curves Q C X, for i = 1, . . . , s, such 
that 



Q{A-{X))-.^H%Q,uc,} 



i=l 
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is injective. Hence 

s 

is surjective. 

Proof of (a) and (in): Let : Cif'^(X)dego ^ G be a regular homomorphism 



0Pic°(Q)^A"(X) 



to a commutative algebraic group G. By lemma p..l2| the image of is contained 
in the connected component of the identity of G. Hence we may assume without 
loss of generality that G is connected. 

Now VL{G) consists of closed, translation- invariant 1-forms. Thus if 

h = (p o 'ji : U — > G, 

then the image of h* : Q{G) —* T{U, ^x/^) is contained in the subspace of closed 
1-forms. We claim that in fact h*{n{G)) C fi(A"(X)). 

This is deduced from the criterion of proposition p^ , (b), since we know that 
for any reduced Cartier curve C in X, the composition 

Pic°(C) — ^ C/7"(X)dego ^ G 

is a homomorphism of algebraic groups. Now we observe that if Bq is any com- 
ponent of Greg, then 

Bo — > Pic°(C) = Lie (A^(C))/imageifi(C,cg, Z) 

is given by integration of 1-forms in H^{G,ujc)- Moreover the composite 

Bo — ^U ^G 

agrees with 

Bo — > Pic°(C) — > G, 

up to a translation by an element of G (and elements of VL{G) are translation 
invariant). Dualizing the above inclusion on 1-forms, we thus obtain a map on 
Lie algebras Lie (A"(X)) — » Lie (G). This fits into a commutative diagram 

Hi{U,Z) > Lie(A"(X)) 



Hi{G,Z) > Lie(G) 

where the horizontal arrows are given by integration of 1-forms over homology 
classes. Further, there is a commutative diagram 

U > Lie(A"(X))/imageiJi(f/,Z) 

(4.1) Tl 

C'i7"(X)dcgo -^^ G = Lie (G) /image i7i(G,Z) 

where is a homomorphism of analytic groups, and where the upper horizontal 
arrow is given by integration of 1-forms in Q{A"'{X)). 
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We claim that the map Hi{U, Z) -^ Lie (A"(X)) = Q{A"-{X))* factors through 
the (surjective) composition 

where H* denotes compactly supported cohomology, and the isomorphism is by 
Poincare duality. Indeed, let C C X^"^ be a sufficiently general reduced complete 
intersection curve in X^'^\ Then 

c n X " = 0, Csing = c n x^-^^ = c n Xsing, 

and one has a Gysin homomorphism 

H\C, Z(l)) ^ if2"-^(X, Z{n)) = i72"-i(xW, Z(n)) 
which fits into a commutative diagram with exact rows 

i70(aing,z(i)) > Hlicnu,zii)) ^ H\C, Zil)) 

Gysin 

iy2"-2(x^W Z(n)) > Hl^-\U,Z{n)) ^ H^'^-\X^^\Z{n)) 



The left hand vertical arrow is in fact surjective, since if^" ^(X^j" , Z(n — 1)) is 



2?i-2/ v(") 



(n) 



the free abehan group on the {n — 1) -dimensional components of X^^g, and (since 
C is a general complete intersection) Csing has non-empty intersection (which is 
supported at smooth points, and is transverse) with each such component of X^ 



sing 



Now we note that the composite ifi(Cnt/, Z) -^ Hi{U, Z) -* Lie (A''(X)) factors 
through the surjective composite Hi{U,Z) = H^{U,Z{1)) -^ H\C, Z{1)), since 
C nU ^ U ^ A'^{X) is compatible with a homomorphism Pic°(C) -^ A'^(X) 
(here "compatible" means that for any component Bq oi C (1 U, the composites 
Bo -^ U ^ A^'IX) and Bq -> Pic°(C) -> A"(X) agree up to translation by an 
element of A"'{X)). Now a diagram chase implies the claim made at the beginning 
of the paragraph. 

Thus in the diagram ( ^.1| ) we see that Lie {A"- {X)) /image Hi{U, Z) is identified 
with 

Lie(v4"(X))/imagei72"-^(X,Z(n)) = v4"(X). 

Hence there is a homomorphism : A'^{X) -^ G, such that 71 o0 : [/ ^ G factors 
through A"'{X). Since 7* : ri(A"(X)) -^ r(f/, f^^/c) ^^ injective, the induced map 
A^{X) —>■ G with this property is unique, since the corresponding map on Lie 
algebras is uniquely determined. Since image 71 generates CiJ"(X)deg05 the two 
homomorphisms 

: Ci7"(X)dego — G, Cff"(X)dego -^ A^{X) -^ G 

must coincide. This proves the universal property of (p, except that we need 
to note that is a morphism. By lemma |1.13| , cf) induces an algebraic group 
homomorphism Pic°(C) -^ G for all admissible pairs (C, i), with G = i{G'). As 
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above, we can choose reduced complete intersection curves Ci, i = 1, . . . ,s, such 
that 

s 

0Pic°(Ci)^^A"(X) 

is surjective. As 0o {(Bipi) is an algebraic group homoniorphisni, is an algebraic 
group honiomorphisni as well. D 

Remark 4.2. Lemma p.l| , combined with the Roitman Theorem proved in [BiS], 
imply that ip : Ciif"'(X)dego ~^ A"(X) is an isomorphism on torsion subgroups. 
In other words, the Roitman Theorem is valid for (f : Cif"(X)dego ~^ ^""i^), 
over C This is another similarity with the Albanese mapping for a non-singular 
projective variety. 



Remark 4.3. The proof of theorem W^ is close in spirit to the construction of 



a "generalized Albanese variety" in [[^'WH . There Faltings and Wiistholz consider 
a finite dimensional subspace V C i^°(Xreg,f^x )> containing the 1-forms with 
logarithmic poles on some desingularization of X^"\ and they construct a com- 
mutative algebraic group Gy together with a morphism Xreg — > Gy, which is 
universal among the morphisms r : Xj-^g —>■ H to commutative algebraic groups 
H, with T*{n{G)) C V. 

5. PiCARD GROUPS OF CARTIER CURVES 

In the next section, we give an algebraic construction of A"(X) for a reduced 
projective n-dimensional variety X, defined over an algebraically closed field k. 
As in the analytic case, we will use the Picard scheme for Cartier curves in X 
and for families of such curves. In this section, we discuss some properties of 
such families of curves, and the corresponding Picard schemes. In particular, 
we establish the technical results ^]6| and |5]^, which are important steps in the 
algebraic construction of yl"(X). 

Let S* be a non-singular variety, and let / : C -^ 5 be a flat family of projective 
curves with reduced geometric fibres Cg = f^^{s). Then 

g{C,) := dimfc(,) H\C,, OcJ and #C, := dimfc(,) H^C^, OcJ 

are both constant on S. In fact, let C — > S — > S be the Stein factorization of 
/. Since the fibres of / are reduced, x : S ^ S is a finite etale morphism and 
^Cg = #x~-^(s) is constant, as well as g{Cs) = x{Cs, OcJ — H^Cg. 

Let S" — > S* be a finite (possibly branched) covering such that f : C = C x s 
S' -^ S' is the disjoint union of families of curves C'^ -^ S', ioi i = 1, . . . ,s with 
connected fibres. By [ BLR |, 8.3, theorem 1, the relative Picard functors Picc'/s' 



are represented by an algebraic space Fic{C'JS'), and we define 
Pic{C'/S') = Pic{CyS') xs'---xs" Pic{C'/S'). 
For the smooth locus Csm of / consider the g-th symmetric product 
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over 5". For any open subscheme W C S^^C'^^/S') there is a natural map 
^w ■■ W -^ Pic(C75'). By pLR|] , 9.3, lemmas 5 and 6, one has the follow- 
ing generalization of |1 . 1 1| : 

Lemma 5.1. After replacing S' by an etale covering, there exists an open sub- 
scheme W C S^{C^^/S') with geometrically connected fibres over S' , such that 
'&W' • W ~^ Pic(C'/5") is an open embedding. 

Recall that X^") denotes the union of the n-dimensional irreducible components 
of X, and X^" is the union of the smaller dimensional components. 

Notations 5.2. For a very ample invertible sheaf C on X^^^ we write 

|/:|«-i = P(ijO(x("\ £)) X ■ ■ ■ X P(i7°(X("), £)) (n - l)-times 

and |>C|o~^ for the open subscheme defined by n— 1-tuples Di, . . . , Dn-i of divisors 
such that 

(i) C = DiCi ■ ■ ■ f] Dn-i is a reduced complete intersection curve in X^'^\ 
(ii) C n X<" = 0, and 
(iii) Xreg n C is non-singular and dense in C. 

Note that by (ii), C is a reduced Cartier curve in X which is a local complete 
intersection. By abuse of notation we will sometimes write C G l^l""^ instead of 
{Di,...,Dn-i)e\C\'''\ 

The normalization n : C ^ C induces a surjection tt* : Pic'^(C) -^ Pic'^(C). 
By | BLK ], 9.2, the kernel of n* is the largest linear subgroup H[C) of Pic(C). 
One has 

dim(i7(C)) = dim(Pic°(C)) - dim(Pic°(C)) 
(5.1) = diuiu{H\C, Oc)) - dimk{H\C, O^)) 

= x{C, O^) - x{C, Oc) - (#C - #C), 

where again #C and 4^C denote the number of connected components of C and 
C, respectively. 

Given a flat family of projective curves f : C —>■ S over an irreducible variety S 
with reduced geometric fibres Cg, there exists a finite (possibly branched) covering 
S' —>■ S and an open dense subscheme S'q C 5" such that the normalization of 
C X 5 5*0 is smooth over S'q. Hence #Cs, and the dimension of the linear part 
H(Cs) of Pic°(Cs), are both constant on the image of S'q. 

Definition 5.3. For a reduced projective curve C we define r{C) to be the num- 
ber of irreducible components of C, and yu(C) to be the dimension of the largest 
linear subgroup of Pic°(C). 

By [0, Satz 5.2, for a very ample invertible sheaf C the open subscheme |>C|q~^ 
is not empty. Then r(£) and fJ,{jC) denote the values of r{C) and of fJ,{C) for 
C E l-^lo^^ in general position. 
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By the equality ( |5.1| ) one has: 
(5.2) x{C, 0~^) - x(C, Oc) > KC) > X{C, 0~^) - x(C, Oc) - r(C) + 1. 

Lemma 5.4. For a very ample invertible sheaf C and for a positive integer N, 

/i(/:^)<iv«-i.(M/:) + r(/:)-i). 

Proof. Given D^ (^ \^\, for i = 1, . . . , N and j = 1, . . . , n — 1, we write 

/ = {i,...,ivr-i 

c® = z}f ^) n • ■ ■ n dJ;:i'^ for i = {i,,... , z„_i) G / 

n— 1 

and C = U C® = fl {Df^ U ■ ■ ■ U Df )). 
iei j=i 

Claim 5.5. There exists a choice of the divisors D: G |£| such that 
(a) C® G |/:|r\ yu(C®) = /il-C) and r(C©) = r{C) 

(b) c© n c(^') n Xsing = for i ^ i' 

(c) each point x G Csing H X^g lies on exactly two components C^-^ and C^-^. 
In this case, there exists one u with ij = i', for all j ^ u. Locally in x the 
surface 

Y = Df''^ n ■ • • n D^"'^ n ■ ■ • n D^^X^ n x,eg 

is nonsingular and contains C*^--* and C*-- -' as two smooth divisors intersecting 
transversally. 

(d) C is a reduced complete intersection curve in \C^\'^~'^. 

Proof, (d) follows from (a), (b) and (c). Since |i2|Q~^ is open and dense in |£|"~^ 
(a) holds true for sufficiently general divisors. Counting dimensions one finds 
that for i 7^ i' the intersection C^-' fl C*-- ■* is either empty or consists of finitely 
many points. The latter can only happen, if all but one entry in i_ and i' are the 
same, and obviously one may assume that the intersection points all avoid Xging. 
Moreover 

c© n c(^') n c(^") = 

for pairwise different i, z' f G /. Now (c) follows from the Bertini theorem [0, 
Satz 5.2, saying that for sufficiently general divisors D^ 

Y = D^'^ n ■ • • n dI'-^ n ■ ■ • n dJ^^i'^ n x,eg 
c© = r n D^) and c(^') = r n Df-^ 

are non-singular and that C^-^ and C*^-^ meet tranversally on Y. D 

Let A*^^"*"^ C |£^|"^^ be an affine open subspace containing the point Sq which 
corresponds to the tuple {Dj U- ■ -UDJ }j=i,...,n-i, and let P*^ be the projective 
space parametrizing lines in A^^+^, passing through sq. There is a line S G P^^ 
such that 
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(i) the total space C of the restriction 

C -^-^ X 



of the universal family to S is non-singular in a neighbourhood of each point 

(ii) the intersection of Xreg with the general fibre of / : C ^ 5* is non-singular. 
In fact, using the notation from ^]5| (c), we can choose for a point x G Csing n Xreg 
a line 5* connecting Sq with a point {D[, . . . , -D,^_i) € A^"*"^, where 

D;. = Df^ U ■ ■ • U Df^ for J ^ u, 

where D^ fl Y^-^g is non singular, and where x D^. By this choice, in a neig- 
bourhood of x the restriction of the universal family C to 5* is just a fibering of 
Y over 5*. Hence the condition (i) is valid for the chosen point x. 

However, for each point x G Csmg H Xj-eg, the condition (i) is an open condition 
in P^, and hence for a general line S, (i) hold true for all points in Csing H Xj-cg; 
clearly the second condition (ii) holds as well. The family f : C ^ S has only 
finitely many non-reduced fibres and outside of them U = r^^(Xi.cg) contains 
only finitely many points, which are singularities of the fibres. 

Replacing S by an open neighbourhood of sq, we may assume thereby, that 
for s 7^ So the fibre Cs = f~^{s) is reduced, that Cg fl X^g is non-singular and 
dense in Cs and that [i{Cs) = fi{C^). In particular U is non-singular outside 
of the points Csing H Xreg, and by condition (i) U is non singular. Moreover, 
f\u:U—>-Sis semi-stable; hence f\u is a local complete intersection morphism, 
smooth outside a finite subset of U. Let L be a finite extension of the function 
field k{S) such that the normalization of C x^ Spec (L) is smooth over L, and let 
S' be the normalization of S in L. Consider 

C ^-^ CxsS' -^ C 

/' PT2 f 

S' -^^ s 

where a denotes the normalization. Since U Xs S' —>■ S" is a local complete 
intersection morphism, smooth outside a finite subset of the domain, U Xs S' is 
normal and a restricted to U' = a~^{U XsS') is an isomorphism. By construction 
the general fibre of /' is smooth and C is normal. Since for all s' G S' the fibres 
C'g, = f'~ (s') of /' are reduced on the open dense subvariety U', they are reduced 
everywhere. Note also that C — U ^ S is finite, and hence so is C — U' ^ S'. 

Let s', Sq G S' be points, with sq = ti^Sq), and with s = ri{s') in general position. 
The inequality ( ^.2|) implies that 

/i(/:^) = /x(C,) < x(C:„ Oc'J - xiCs, OcJ 

= x{C's,,Oc',)-x{Cso,OcJ. 
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Since C', fl U' is isomorphic to Cg,, fl U the curve C[, is finite over and birational 
to C = C*s„. Moreover, the fibres C, fl U' and C r\U have the same number 5 of 

double points. Writing C'^-' for the preimage of C---* in C", one obtains 

/(i) 



°o — ■ 

and /i(/:^) < 5^(x(C^'®, Oc'(.)) - X(^®. ^c(.)))- 



ie/ 



Finally, C -' is finite over and birational to C^-\ thus it is dominated by the 
normalization of C^\ and (|5.2|) implies 



rn— 1 



D 

Replacing £ by its A^-th power one obtains by lemma ^]4| ample invertible sheaves 
on X^^^ with many more linearly independent sections than f^{C). For example, 
if Xi, . . . ,Xr are the irreducible components of X^^\ then 

image (i7°(X(«),/:^) ^ ff°(X„£^UJ) = i:f°(X„£^UJ, 

for sufficiently large N, and its dimension i bounded below by a non-zero multiple 
oi N"^, whereas by [5^, fi{C^) is bounded above by {fi{C)+r{C) — 1) -X""-^. One 
obtains: 

Corollary 5.6. There exists a very ample sheaf C on X*^"^ with 

dimfc(image {H\X^'''\ C) ^ H\X,, C\x,))) > 2 ■ //(/:) + r + 2, 
/or i = 1, . . . ,r. 

Over a field A; of positive characteristic we will need a stronger technical condi- 
tion. Recall that Hx^os ~ UI=i(^* ^ ^i), where Ui = Xi flXreg are the irreducible 
components of Xreg. 

Assumption 5.7. Let Z C S'^{Ilx,^^) x ^'^(n^^eg) x \C\l~^ be the incidence 
variety of points 

(((Xi, X'l), . . . , (Xd, X^)), ((Xd+i, Xrf+i), . . . , (X2d, X2d)), (^1, • • • , ^n-l)) 

with xi, . . . , X2d, x'l, . . . , Xgrf G C = Di n ■ ■ ■ n Dn-1- Then the projection 
is dominant. 
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Proposition 5.8. There exists a very ample sheaf C on X*^") which satisfies the 
assumption \5. % for all d < /i(£). 

Proof. Let Xj be the ideal sheaf of {J^^^Xj on X^'^\ In particular Xj|xj is zero, 
for j 7^ i. Hence if JF is a torsion-free coherent sheaf on X'^"'^ then 

H\X„J^®I,\X J torsion) = H%X ^^\ J^ ® I, / , 



torsion/ 



and H%X„ T ® X^U./torsion) C E\X^''\T). 



Claim 5.9. There exists a very ample invertible sheaf C on X'^^"^^ such that 

(5.3) dimfc(image {li\X,, £ ® J,|^J ^ E\C, £|c))) > 4 ■ /i(£), 

for z = 1, . . . , r, and for all C G |>C|o^^ 

Proof. Given a very ample invertible sheaf L it suffices to find a lower bound for 
the dimension of the image of the composite map 



r : ifO(X„£^ ®X,UJ ^ if°(X("U^) -^ H\C,C 



c) 



which is independent of C G \C^\q ^ ^-^cl grows like A^". If Jc denotes the ideal 
sheaf of C on X^'^\ then 

ker(r) = if" (X„ C" ® Jc ® X,U,/ (torsion)) C H\X^^\ C"" ® Jc). 

Hence it is sufficient to give an upper bound for di'm{H^ {X^^\ C'^ i® Jc)) by some 
polynomial in A^ of degree n — 1, independent of C. 

For j < n the dimension of H^{X^'^\C~^) is bounded by a polynomial of 
degree n-2. In fact, X(") is a subscheme of P*^ = P(iJ°(X("), £)) and by 
III. 7.1 and HI. 6. 9 one has, for A^ sufficiently large, 

W^X^^)^-^) = Ext'''-\Oxir.)(S)C-^,ujpM) 



r\j 



r\j 



H\F^^, Ext *^-^'(Ox(") , wpM ® OfM {N))) 
H%F^^, Ext ^^''{Ox(n) , wpm) ® OpM (N)). 



Since X is Cohen-Macaulay outside of a subscheme T of codimension 2, the 
support of £xt '^~^{Ox{n) , uj^m) lies in T for M — j > M — n. 

The curve C being a complete intersection of divisors in \C^\, a resolution of 
the ideal sheaf Jc on X*^") is given by the Koszul complex 

n-l 2 

Therefore dim(if'^(X'^"'\ C^ Jc)) is bounded from above by 

n-2 j+1 n-2 , _ 

^dim,(if^(x("),£^ ® /\( © £-^)) = ^dim,(i7^(x("),£-^-^)) ("J 
j=o i=o ^-^ 

D 
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Let £ be a very ample invertible sheaf on X*^"^ which satisfies the inequahty (JS] 
5^ . We fix some curve C G |>C|q~^ and some natural number d < fi{C). 



m 



Each irreducible component of S'^ijlx.^g) x S'^iYlx.^g) is of the form 

S^ = {S'^'iUi X f/i) X • • ■ X S*(f/, X Ur)) X (S'^'+i(f/i X f/i) X ■ ■ ■ X S'^^^iUr X f/^)), 

for some tuple d= {di, . . . d2r) of non-negative integers with 

di + ■ ■ ■ + dr = dr+i + ■ ■ ■ + d2r = d. 

Given such a tuple d, we claim that there are (pairwise distinct) points Xi, . . . X2d, 
x[ . . . x'2^, with x^, xl E C n Ui, for 



i— 1 i r+i—1 r+i 



y dj < u < 2^ dj and for >, dj < u < N^ dj 

j=i j=i j=i j=i 

such that the restriction map 

2d 

(5.4) H%X^^\C)—^^K^(BK., 

i=l 

is surjective. In fact, by the inequality ( |5.3|) the dimension of the image of 

is at least 4 ■ fi{C) > 4 • d > 2 ■ (dj + dr+i) and for sufficiently general points 
Xi, . . . X2d, x[ . . . x'2fi G C the composite 

r 2d 

i70(X„ £ ® T,UJ C ff°(X("), £) — ^ A;,, © fc,, 

is surjective. 

By construction 

w := (((xi, x'l), . . . , (Xd, x'^)), ((Xd+i, x^+J, . . . , (X2d, x'2d))) e 5d. 

Let V denote the subspace of divisors D E \C\ with 

2^1; • • • ; X2di Xi^ . . . , ^2^ G D. 

The fibre pr'^2 ('^) of the morphism pr^2 • ^ ~^ S'^iJ^x,^^) x '^''^(nxrog) is the 
intersection of V^'^ with |£|q~^. In particular, since (w, C) G 2', this intersection 
is non-empty. 

li 5 = dim(|£|), the surjectivity of the restriction map ( |5.4D implies that 
dim(V) = 5 — A ■ d and dim(pr'^2 ('^)) = {n — 1) ■ {5 — 4: ■ d). The fibres of 
prg : Z -^ l-^lo^^ are equidimensional of dimension 4 ■ d and hence Z is equidi- 
mensional of dimension (n — 1) • (5 + 4 ■ d. Therefore the dimension of pr'^2{^) '"' ^d 
can not be smaller than 

{n-l)-5 + A-d-{n-l)-{5-A-d)=n-A-d = dim(S'd). 

D 
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6. The algebraic construction of A^i^X) 

Let X be a projective variety of dimension n, defined over an algebraically 
closed field k. As a first step towards the construction of A^^X) we need to 
bound the dimension of the image of a regular homomorphism 



: C/7"(X)de, 



gO 



G 



to a smooth connected commutative algebraic group G. 

By the theorem of Chevalley and Rosenlicht (theorems 1 and 2 in pLR|| , 9.2) 
there exists a unique smooth linear subgroup L oi G such that G/L = A is 
an abelian variety. In addition, L is canonically isomorphic to a product of a 
unipotent group and a torus. Let us write 







L 



G 



A 







for the extension. 



Lemma 6.1. There exists a unique smooth connected algebraic subgroup H of 
G, with S{H) = A, such that every smooth connected algebraic subgroup J of G 
with 6{J) = A contains H . Moreover, the quotient group G/H is linear. 

Proof. Given a smooth algebraic subgroup J of G, one has the commutative 
diagram of exact sequences 





LnJ 



L 



L/{L n J) 



J 



G 



G/J 



5{J) 



A 



A/5{J) 



-^ 





Since A/5{J) is an abelian variety and L/{LnJ) a linear algebraic group, 6{J) = 
A if and only if G/J is linear. Observe further, that 6{J) = A ii and only if 
5{J') = A for the connected component J' of J containing the identity. 

Choose H to be any smooth connected algebraic subgroup of G with 6{H) = A 
and such that 5{H') ^ A for all proper algebraic subgroups H' of H. For J as in 
[l] consider the commutative diagram of exact sequences 

> JnH y G > G/{JnH) > 



J®H 



A 

G®G 



G/J © G/H 



-y 
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where A is the diagonal embedding. Since J (1 H = A^^(J © H) the morphism 
L is injective on closed points, and hence G/{J fl if ) is a linear algebraic group. 
By the choice of H one obtains J (1 H = H. D 

Recall that X has n-dimensional irreducible components Xi, . . . , X^, whose union 
is denoted X*-"-*, and Ui = X^eg H X^. Also X^" is the union of the lower dimen- 
sional components of X. 

Proposition 6.2. Let C he a very ample invertihle sheaf on X*^") which satisfies 
the assumption [37^ . Let g = diiak{H^{C, Oc)), for C e l-^lo"^- 

Let (j) : Cii"(X)dogo ^ G be a surjective regular homomorphism to a smooth 
connected commutative algebraic group G. Then the induced morphism (see \l.f\ ) 

^(-) . gg+u.^.iC)^^^^j _^ Ci7"(X)degO -^ G 

is dominant, for u > 0, and surjective, for u > 1. In particular the dimension of 
G is bounded by 2 ■ n ■ {g + n{C)). 

Probably the bound for the dimension of G is far from being optimal. We will 



indicate in |6.4| how to obtain dim(G') < g vn characteristic zero, under a weaker 



assumption on C. 



Proof of \6. ^ . Let again L be the largest smooth linear algebraic subgroup and 
5 : G — » A = G/L the projective quotient group. Recall that |>C|q~^ denotes the 
set of tuples {Di, . . . ,i5„_i) of divisors in the linear system |£| for which G = 
DiD- ■ -n Dn-i is a reduced complete intersection curve (in X*^")), G fl X^" = 0, 
and G fl Xrog non- singular and dense in G . 

Claim 6.3. There exists an open dense subscheme S C |>C|q~^ such that 

Pic°(C) -^G^ A 

is surjective and such that the dimension of image [if) : Pic°(C) -^ G) is constant, 
for G eS. 



Proof. Returning to the notation introduced in ^]2| let S" C |£|q ^ be an open 
subvariety, and let 

C -^^ X 

/ 

denote the restriction of the universal complete intersection to S. The smooth 
locus of / is Csm = o"~^(Xreg) and Csm is dominant over Xreg. Let 5" — >• 5 be 
the finite morphism, and let W C S^{Csra Xs S'/S') be the open connected sub- 
scheeme considered in lemma ^]1]. Replacing S and S' by some open subschemes, 
and 5" by a branched cover if necessary, we may assume that there exists a section 
e' of W -^ S'. By ^ 

W — > Pic{C/S) XsS' = Pic(C xs S'/S') 
w' ^^ ^wiW) - ^wie'ipr^iw'))) 
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is an open embedding. On the other hand, one has a morphism of schemes 

h:W' —^ S^{C,^ xs S'/S') —^ 5^(X,eg), 

and the image of the connected scheme W hes in some connected component, 
say S^ = S3^{Ui) x ••• x Sa^{Ur). Since : Ci7"(X)dego ^ G is regular, the 
composite 

h^-^ : W Xs' W — >S^xS^^G 

is a morphism, where 

9 9 

1 = 1 4 = 1 

The morphism h^~^ induces 5" morphisms 

/iljT^ : W Xs' W — >Gx S' and /i^T^ o6:W' Xs'W — >Ax S'. 

Let Wg and Wa be locally closed subschemes of the images 

h^'^ {W X s> W) and /i^T^ o 6{W' x s' W) 

respectively, dense in the closure of the images. Choosing S' and S small enough, 
one may assume that S" — *> S" is surjective and that Wq and Wa are both equidi- 
mensional over S'. For C & S choose a point s' G S' mapping to C G S* and let 
W^., denote the fibre of W over s'. Then the image of W^, x W^, in Pic°(C) is dense 
and thereby diia{ip(Pic^(C))) and diia(S(ip(Fic^{C)))) = d' are both constant on 
S. 

Asume that d' < dim(A). The closure of S{h^~\WQ x W^)) is the image of 
Pic°(C), hence S{h^~\WQ x Wq)) lies in some abelian subvariety i? of A of dimen- 
sion d' < dim(A). Since S' and W are connected, and since an abelian variety A 
does not contain non-trivial families of abelian subvarieties, B is independent of 
the curve C chosen. 

Csm being dominant over X^g this implies that the image (50(Cif"(X)dego) lies 
in B, contradicting the assumptions made. D 

In general, a commutative algebraic group G can contain non-trivial families of 
subgroups and the argument used above does not extend to G instead of A. 

Let H G G he the smallest connected algebraic subgroup with 6{H) = A, as 
constructed in |6.1| . By ^]3| and by the universal property in |6.1| , for G & S the 
image of '?/'(Pic°(C)) contains H. 

By 1.10| the image of S^{Ilcrcg) ^^ ^ is ip(Pic^{G)) and hence H is contained 
in the image of S^{Ilx,^ )■ In order to show that 

^(-) . 55+M(/:)(n^^^J _ C/7"(X)dego ^ G 
is dominant, it suffices to verify that the image Yq of the composite 

r(-) : S^Ux^J — ^ CiJ"(X)dego ^G—^G/H 

is dense, for some d < fi{C). Applying claim ^]3| to G/H instead of G one finds a 
non-empty open subscheme 5* C |>C|o~^ such that the dimension d of ip' (Pic^ (G)) 
is constant on S, where ip' : Pic°(C) -^ G/H is the natural map (see |L12| ). Since 
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G/ H is a linear algebraic group, we must have d < fi{C), and choosing S small 
enough, we may assume that 

(6.1) d = dim{^'{Pic\C)))<fi{C)=fi{C), for all Ce 5. 

Since Yq generates the group G/H, it is dense in G/H if and only if its closure 
y is a group. By assumption the image of the incidence variety 

z ^ s\n.) X s\n.) ^^^^^^ Y X Y 



defined in ^^ contains some open dense subscheme T. By definition, for each 
t E T there exist divisors -Di, . . . , -D„_i with C = DiH ■ ■ ■ H Dn-i G S and with 

t e image {S\Ub) x S'^iUs) ^'''"^ '''''> Y x Y) 

ioT B = G n Xfog and for the induced map 'd^~^ from 11^ to G/H. By |1.1U 
^'(Pic°(C)) = i^('\S'^{Ub)) C Y. Since ip'iFic^G)) is an algebraic subgroup of 
G/H, the image of t under the morphism 

diff : G/H X G/H — > G/H with {g, g') \ — >g- g' 

is contained in if)' {Pic^ [G]) , hence in Y . 

Thereby T is a subset of diff~^(F), and the same is true of its closure Y xY . 
One obtains that diff (F xY) dY and y is a subgroup of G/H. 

Since Yq is dense in G/H, by lemma |1.10| (ii) the image of S'^'^ijlx^^ ) is G/H. 

U 



As indicated already, the proposition ^^ can be improved in characteristic zero. 

Variant 6.4. Assume that char(A;) = 0. Let C he a very ample invertible sheaf 
on X^") with 

(6.2) dimfc(image {H\X^''\ C) -^ H\Xi, /:UJ)) > 2 ■ /i(/:) + r + 2, 

for i = 1, . . . ,r. Let G be a smooth connected commutative algebraic group, and 
let (f) : Cif"(X)dego —>■ G be a surjective regular homomorphism. Then there 
exists an open dense subvariety S C |jC|o~"'^ such that for each G E S the induced 
homomorphism (see \1.1^ ) 

iP : Pic°(C) — ^ Cif"(X)dcgo ^ G 
is surjective. In particular the dimension ofG is bounded by g = dinifc H^{G, Oc)- 

Proof. The first part of the proof is the same as the one for |6.2| . In particular we 
may assume claim ^]3| to hold true. 

Let H <Z Ghe the smallest subgroup with 5{H) = A, as constructed in ^]1|. By 
_!3| and by the universal property in |6.1| , for all C G 5 the image of ip{Pic (C)) 
contains H. Hence ip : Pic°(C) — > G is surjective if and only if 

Pic°(C) ^G — > G/H 



is surjective. In order to prove |6.4| we may assume thereby that G is linear and 
A = 0. 
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For C E S , let jb '■ B = C n X^g -^ CH"-{X) denote the natural map and let 
r^ be the image of the composite 

^(-) : n^ id ciJ"(x)dego ^ G. 

For any subset M C G we will denote by G{M) the smallest algebraic sub- 
group of G which contains M . If M contains a point of infinite order, then 
dim(G(M)) > 0. In characteristic zero the converse holds true, as well. In fact, 
if dim(G(M)) > then G{M) contains a subgroup isomorphic either to Gq or to 
Qrn- In characteristic zero, both contain points of infinite order. 

Hence if the dimension of G{Tb) = il^ij^'ic^ {G)) is larger than zero, the con- 
structible set F^ contains a point ai of infinite order and dim(G'(Q;i)) > 0. 
Repeating this for G/G{ai, . . . ,au) instead of G, we find recursively points 
«!,... ,adeTB with G'(Fs) = G{ai, ... , a^). 

Let us choose points Xi, . . . ,Xd,x[, . . . ,x'^ E B with aj = 'd^~\{xj,x'j)), and 
moreover, for each component Xj of X*^"\ choose a base point qi E B D Xj. 

Claim 6.5. There exists a closed suscheme Z G S such that the restriction 

C' = CxsZ ^^^^ XW ^ X 

f'=f\c' 

Z -^-^ S -^-^ |£|r' 

of the universal family satisfies: 

(a) For each point z E Z the curve Gz = f'~ {z) contains the points 

Xi^ . . . , Xd^ x-^^ . . . , a;^, 5'i, . . . , Q'r- 

(b) a' -.C ^ X(") is dominant. 
Proof. For 

V, = (image (ff°(X("U) ^ H\X,,C\x,)) - 0)/k* C \iC\xJ\ 

consider the rational map Pi : |£|"^^ -^ ^j"^^- Since each C e S* is a complete 
intersection curve, the restriction pi : S ^ ^i"~^ ^^ Pi i^ ^ morphism. 

For X E XiCl (t{C) the condition "x E G," defines a multilinear subspace A^ of 
Vj""^ of codimension n — 1. Let Jj C {!,... , c?} denote the set of all the v with 
Xj^, x^ G Xj. Then the codimension of 

is at most (n - 1) ■ (2 ■ #1^ + 1). 

Let C* -^ A* be the intersection on Xj of the divisors in A* C Vl^~^ . Then the 
general fibre of C* -^ Xj has dimension at least 

dim A* + 1 — dimX = dimV""^ + 1 — n — codimA* 
>dim(l^,"-i) + l-n-(n-l)-(2-#/, + l)>(n-l)-(2-(/i(/:)-#J,)+r-l). 
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Since some C E S contains all the points Xj,x'j and g^, the intersection 



r 



i=l 

is non-empty. For the restriction C of the universal curve C to Z the dimension 
of the general fibre of cr' : C — > X over Xi has dimension larger than or equal to 

(n - 1) ■ (2 • ifxiC) - #/,) + r - 1) - ^(n - 1) ■ (2 ■ #/, + 1) 



r 



= (n - 1) ■ 2 ■ (/.(£) - ^ #/,) = (n - 1) . 2 ■ (/x(/:) - d). 

i=i 

By the inequality ( |6.1| ) the last expression is larger than or equal to and a' is 
dominant. D 

Let G{Cz) denote the image of Pic^{Cz) in G. By the choice of Z the intersection 
Bz = Cz nXreg is non-singular and the dimension of G{Cz) = G{rB^) is the same 
as the dimension of G(Tb) = G{ai, . . . , a^). 

By ^^ the points «« = 0(cr'(a;j) — cr'(x'j)) are contained in Tb^, hence 

G{Cz) = GiTBj = G{Tb) = GiC) 

for all z E Z. 

As a' is dominant, cr'(C') contains some V, open and dense in X^eg (and hence 
in X*^")). For q E V H X^ one finds some z E Z with q E Cz- By ^.7| C^^ contains 
the chosen base point g, and 

0(7(g^)-7(g))eG'(a)=G(C). 

By ^]^ (i), the points 7(gi) —7(g) (for g G V) generate CH"-{X)dego- Since was 
assumed to be surjective, we obtain G = G{G), as claimed. D 

Using proposition |6.2| or its variant |6.4| the construction of A"(X) proceeds now 
along the lines of Lang's construction in |[La|| of the Albanese variety of a smooth 
projective variety. 

Theorem 6.6. There exists a smooth connected commutative algebraic group 
yl"(X) and a surjective regular homomorphism ip : Cif"(X)dego ~^ v4"(X) sat- 
isfying the following universal property: For any smooth commutative algebraic 
group G and for any regular homomorphism (j) : Cif"(X)dcgo ~^ G there exists a 
unique homomorphism h : yl"'(X) -^ G of algebraic groups with = ho ip. 
Moreover, if k G K is an extension of algebraically closed fields, then 

A"(Xxfcir) = A"(X)x,K 

Proof. By lemma |1.15| it is sufficient to consider connected groups G, and surjec- 
tive regular homomorphisms (j). 

By |5.8| there exists a very ample invertible sheaf C which satisfies the assump- 
tion ^?^ and we can apply |0| . (As we have seen in |5]^ the inequality ( |6.2| ) in 
holds true for some C, and if ch.ai{k) = we can use the variant |6.4|, as well. 
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Let g = dim/;(if^(C, Oc)), for some curve C G |>C|o^^ in general position. 
Then for all regular homomorphisnis : Cif" (X)dego ^ G to smooth connected 
commutative algebraic groups G the induced morphism 

has a dense image in G. Hence for the product 11 of all the different connected 
components of S^~^^^^\llxrcg) the induced morphism n' : U ^ G is dominant and 
vr' induces a unique embedding of function fields k{G) C k(Jl). 

If (j)i, : CH"'{X)(iegQ — >• G^, for z/ = 1,2 are two surjective regular homomor- 
phisnis to smooth connected commutative algebraic groups, then 

03 : CiJ"(X)dogo — ^ Gi X 6*2 

is regular. Let G3 be the image of 03. Then 0,^ factors through the regular 
homomorphism 03 : Cif"'(X)dego -^ G3 and k{G,^) C k{G3) C A;(n), for z/ = 1,2. 

Hence among the smooth connected commutative algebraic groups G with a 
regular surjective homomorphisms from : GH"'{X)dego ~^ G^? there is one, 
y4"(X), for which the subfield A;(y4"'(X)) is maximal in k{lV) and y4"'(X) dominates 
all the other G in a unique way. 

It remains to show that A"'(X) satisfies base-change for algebraically closed 
fields. Let us write Zk = Z x^ K, for a variety Z defined over k. We first show: 

Claim 6.7. Let K D k he an algebraically closed extension field of k. The cycle 
map Xj^ : (Hx^c )k -~^ ^"'iX)x factors through a surjective homomorphism 
UK,k '■ ^^(Xk) — > A'^{X)k of algebraic groups. 

Proof. Let U = Xreg, and let {C, l) be an admissible pair defined over K, with 
B = i^^(f/A')rcg- Choose a rational function / G R{G',Xk) such that 

div/ = ^0-1 -^h 

for p = (ai,6i,... ,am,bm) G 5'™(HB)(-ft'). Choose a smooth fc variety 5* with 
k{S) C -ft', such that C, B, p, a-i, hi, f come by base-change from k{S) to K from 

C'^S, B^S, n:S^S^{Uis/s), a„Pi:S^B, <^ G A;(i3)^ 

with div(p = J2(^i ~ J2Pi- Since / G -R(G',Xi^), we can replace 5* by a dense 
open subscheme, so that we can arrange that for each s G S{k), if we specialize 
to C'g = Cs X s, then 7r(s) maps to zero in Pic°(Cg). As 

5™(HbJ — . S'^iUu) X s -^ A"(X) X s 

factors through Pic°(Cg), the composite morphism 

S ^-^ 5'"(Hb/5) — . 5"(Hc/) X 5 — ^ A"(X) X S 

maps all A;-points of S to the zero section. Thus it is the zero section, and therefore 



S^iIiii)K -^ A'^iX)K factors through CH"{Xk), inducing UK,k by lemma |1.12 



D 
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Since d^ '■= dimy4"(Xi^) is bounded by 2n{g + fJ,{jC)) (proposition |6.2D , there 
is an algebraically closed field Ki with d^^ = d^ for all L D Ki algebraically 
closed. Since for any ascending chain Ki C -ft'i+i of algebraically closed fields 
with Ki D Ki one has 

deg uk„Ki < deg uk,+^,Ki < deg Uuk^k^, 

one concludes that there is an algebraically closed field E D Ki such that ue,l is 
an isomorphism for all algebraically closed fields L D E. 
We will make use of the following lemma. 

Lemma 6.8. Let K be a field, W , Y , Z he geometrically integral K-varieties, 
such that there are K-morphisms a : W ^ Y , (3 : W ^ Z , such that a has dense 
image. Then: 

(i) there is at most one K-morphism f : Y -^ Z such that (3 = f o a 
(ii) suppose that for some extension field L of K , there is an L-morphism h : 
Yl — > Zl such that /^l = ^ ° 7l : W^l — * Z^; then there is a K-morphism 
f : Y ^ Z as in (i), and we have h = fi. 

Proof. Let T C W x k Z he the graph of /?, and let f C F x x ^ be the closure 
of a X lz{T). The projection T ^ Y has dense image. If there is a f^-morphism 
/ : y — > Z as in (i), then f must be its graph, and so there is at most one such 
morphism, which exists precisely when T ^ Y is an isomorphism. Clearly if this 
is an isomorphism after base change to L, it is an isomorphism to begin with. D 

There is a smooth k variety S, with k{S) C E, together with a smooth com- 
mutative S'-group scheme A ^ S with connected fibers, such that A"'{Xe) = 
^ X5 SpecE. Choosing S small enough one also has natural surjective S- 
morphisms U x S ^ A and Us^k '■ A — > A"(X) x S, where II is the irreducible 
variety constructed in the first part of the proof. 

Let F be an algebraic closure of the quotient field oi E^^E, p : k{S x^S) ^^ F 
the natural inclusion, and let p* : k{S) ^^ k{S x^ S), z = 1,2 be the inclusions 
defined by the two projections pi : S x ^ S ^ S . Set qi = p o p*, and for any S- 
scheme T, let g*T be the F-scheme obtained by the base change to F determined 
by g,. 

The surjective S-morphism II x 5 ^ ^ gives rise to the surjections 

a'i:q*{UXkS) = UF^q*A. 
By the assumption on E the two F-varieties g*^ are isomorphic via 

u' = UF^E, o u^%^ : qlA^'iXE) — g2*^"(X^). 

where Ei G F are the images of the two embeddings E '—>■ E^^E "—>■ F, x ^—>- x(S>l 
and X ^—>- 1 ^ X. By construction, u' satisfies a'2 = u' o a[. 

Hence by lemma ^^, applied to the extension of fields k{S Xj. S) "^^ F, the 
isomorphism u' comes from an isomorphism 
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Then u in fact extends uniquely to an isomorphism of groups schemes (again 
denoted u) 



u : {jp\A)u — ^ {vlA) 



u 



over an open dense subset f/ C S Xk S. Replacing S by some open dense sub- 
scheme, we may assume that pi : U -^ S is surjective, for i = 1,2. Further, if 
Ui : U X U ^ {PiA)u, i = 1,2 are the natural surjections, then a2 = uo ai. 

The uniqueness statement in lemma |6.8| (i) similarly implies that u satisfies the 
"cocycle condition" 

U23 ° Ui2 = Ui3 : nlA — > n^A 

on the fibers over the generic point oiSx^^Sx^S, and hence (by continuity) 
over the open dense subset 

'^12 (U) n n,,\U) n n^,\U) cSxkSxkS. 

Here tTj : S x^ S x^ S — > S are the 3 projections, and Uij = t^*jU, for the 3 
projections iTij: Sx^Sx^S^Sx^S. 

Given two points Sj G S{k), one finds a third one s G S{k) such that (si, s) G 
U{k) and (s, S2) G U{k). The cocycle condition implies that the induced compos- 
ite isomorphism 

does not depend on the point s G S{k) chosen. Also u is compatible with the 
surjective morphisms U x U -^ Vl-^- 

We claim that for each closed point s G S{k), the morphism IIx s ^ ^|s induces 
a regular homomorphism CH^{X)^c^q -^ A\s- Let (C, t) be an admissible pair on 
X, defined over k, with B = i^^(t/)rcg- The morphism (IIb)e — ^ A"-{Xe) = Ae, 
and the resulting morphism S^{IIb)e -^ Ae (with g := dimPic''(C")) induces a 
homomorphism Pic''(C")£; — > Ae, since by the defining property of A^^Xe), we 
have a factorization through CH'^{XE)dego)- Since S^(J1b) — » Pic°(C"), lemma 
gives a map Pic''(C") x^ k{S) — > Ak{s), compatible with the maps from (]lB)k{s)- 
This then induces a map Pic°(C") x 5"^ ^ ^50 for some open dense subscheme 
S^ C S. Choosing a fc-point si G S^{k), we get that the map n^ x si ^ ^1^-^ 
is compatible with a homomorphism Pic°(C") -^ A\si- The isomorphism u is 
compatible with the morphisms 11^ x U -^ P*i-A- Hence, the isomorphisms Oss^ 
are compatible with the maps Hg = H^ x s ^ A\s and H^ = H^ x si ^ A\si-, 
for all s G S{k). We deduce that for any s G S{k), the map H^ x s -^ A\s gives 
rise to a compatible morphism Pic''(C") x^ s —> A\s- This implies that there is 
an induced regular homomorphism Cif "'(X)dcgo ^ -^Is for each s G S{k). 

Hence, one obtains morphisms Vs '■ A^{X) -^ A\si verifying Vt = Ogt o Vg for 
all s, t E S{k). Choosing now s G S{k), we set G = A\s, and v = Vs- The 
surjective morphism H x^ S* ^ ^ induces a surjection from H x^ s onto G, hence 
V is surjective. Since the composite 

Us,kOv:A^{X)—.G—^A^{X) 
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is an isomorphism, v is an isomorphism. Thus us^k '■ -A. -^ yl"(X) x S* is an 
isomorphism when restricted to each t G S{k), and is hence an isomorphism. By 
base change to E one finds that UE.k '■ ^"'{Xe) —>■ A"'{X)e is an isomorphism. 

Now a K D k is any algebraically closed field, we choose an algebraically closed 
field F with 

F D K D k and F D E D k, hence 

UK,k ® idF o uf,k = UF,k = UE,k ® id^ o uf,e, 

and UK,k is an isomorphism as well. D 

7. Finite dimensional Chow groups of zero cycles 

The definition of finite dimensionality for the Chow group of 0-cycles is a 
natural generalization of the definition in the non-singular (and normal) case (see 



H, S). 

Definition 7.1. CH"'{X) is said to be finite dimensional ii ioi some m > 0, the 
map 



(introduced in p.. 91) is surjective 



One can see that this is also equivalent to the statement that for some integer 
m' > 0, depending only on X, any element of Cif" (X)dego is represented by 
a 0-cycle J2l=i^iy where for each i, the cycle 6i is a difference of two effective 
0-cycles of degree m' supported in Xj. 

In the proof of the next theorem we will use the notion of a regular map 
f : Z ^ Cif"(X)dego from a variety Z. This is a map of sets such that 

(i) the composition Z -^ Cif"(X)dego ~^ A"(X) is a morphism 
(ii) there is a surjective morphism W ^ Z such that 

W—^Z^ C/J"(X)degO 

factors as W — > S"^{Xj.cg) — ^ CH"-{X)dego, for some morphism h. 
For example, let C be a reduced Cartier curve in X or, more general, let (C, l) 
be an admissible pair. Then the homo morphism r] : Pic'^(C") — > Cif"(X)dcgo 
constructed in lemma |1.8| is regular. In fact, the first condition holds true by |1.12 



whereas the second one follows from the dominance of 5'^(C^gg) -^ Pic°(C"), for 

g = dimk{H\C',Oc')). 

Recall that k is called a universal domain, if its trancendence degree over the 
prime field is uncountable. 

Theorem 7.2. Let X be a projective variety of dimension n over a universal 
domain k. Then CH'^{X) is finite dimensional if and only if 

^ : C/7"(X)dego — ^"(X) 
defines an isomorphism between CH^ {X)^cgo o.iT'd (the closed points of) A'^{X). 



48 HELENE ESNAULT, V. SRINIVAS, AND ECKART VIEHWEG 

Proof 

Let us write U = Xreg. By lemma |1.10| (ii) the composite 



is always surjective for m = 2 ■ dim(A"(X)). Hence, if Cif"(X)dego -^ A'^(X) is 
an isomorphism, then CH^{X) is finite dimensional. 

So the main thrust of the theorem is the converse, that if Cif"'(X)dego is fi- 
nite dimensional, then Cif" (X)dego ~^ A^{X) is an isomorphism. We imitate 
Roitman's proof of this result in the non-singular case, and the analogous argu- 
ment for the normal case in |jS[; however there are extra refinements needed here, 
particularly in characteristic p > 0. 

First, we note that by |[LW|| , proposition 4.2, the "graphs of rational equiva- 



lence" 

T,,, = S^\U)^CHHx),.,oS'{U) 

decompose as a countable union of locally closed subvarieties, for each r, s, and 
over a universal domain such a decomposition is unique. This immediately implies 
that if fj : Zj -^ Cif"(X)dogO) J = 1; 2 are regular maps, then 

Zl Xc/f"(X)degO ^2 = {izi,Z2) e ZiX Z2; fl{zi) = f2{z2)} 

is a countable union of locally closed subvarieties of Zi x Z2. 

Now arguing as in |S|, lemma (1.3), we first see that if G is a smooth connected 
commutative algebraic group, and f : G ^ Cif"(X)dego is any regular map which 
is a group homomorphism, then there is a well-defined connected component of 
the identity (7° C ker /, which is a connected algebraic subgroup of G, and which 
has countable index in ker/. Then the induced homomorphism 

G/G > Cif"(X)degO 

has a countable kernel. Hence, for any such homomorphism G —>■ CiJ"(X)deg05 
we can define the dimension of the image of G to be the dimension of G/G^. 

Next, notice that if Gi -^ C-fr"(X)dego and G2 — ^ CiJ"(X)dego are two regular 
homomorphisms from smooth connected commutative algebraic groups Gi such 
that image Gi is properly contained in image (^2, then in fact 

dim image Gi < dim image G2. 

Indeed, we may assume the maps Gj — > Gif"(X)dego have countable kernel, so 
that we wish to assert that dimGi < dimG2. Now G3 = Gi XcH"(x)i^ ^ G2 is a 
subgroup of Gi x G2 which is a countable union of locally closed subvarieties, and 
hence has a connected component of the identity which is a connected algebraic 
group, say H. Then H ^ Gi are homomorphisms of algebraic groups with 
countable, hence finite kernels, such that if — »• Gi is surjective, and the image of 
H in G2 is a strictly smaller subgroup. Thus dimGi = dim if < dimG2. 
Now suppose 7m is surjective. We claim that for any homomorphism 

G > Gii"(X)degO 

as above, with countable kernel, we have dimG < dim S'^{U). Indeed, 

G XcH"(x)dego S'^iU) 
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is a countable union of subvarieties of G x ^'"(f/) which projects onto G, and 
maps to S"^{U) with countable fibres. Hence some irreducible component of this 
fibre product dominates G under the projection, and maps to S"^{U) with finite 
fibres. 

We now claim that we can find a finite number of reduced complete intersec- 
tion curves Ci, . . . ,Cs such that the induced homomorphism from ©Pic°(Cj) to 
Ci/"'(X)dego is surjective. Indeed, given a finite collection of such curves, if 

P = 0Pic°(Q) -^ Gi7"(X)degO 

is not surjective, we can find a curve C of the same sort such that 

image (Pic°(C) — ^ Gi7"(X)dego) 

is not contained in the image of P. Then the induced map 

P X PicO(C) — ^ Ci^"(X)dcgo 

has strictly larger dimensional image than that of P. Since the dimension of the 
image is bounded above by dim. S"^{U) = mn, this process can be repeated at 
most a finite number of times. 

So we may assume given a surjective regular homomorphism 

with countable kernel, where A is a connected smooth commutative algebraic 
group, and for some Cartier curves Ci, . . . ,Cs a. surjective homomorphism 

(7.1) 0PicO(C,)^A 

Note that the composition h : A ^ CiJ"(X)dego ~^ A"(X) is then a surjective 
homomorphism of algebraic groups. 

We now distinguish between the case k = C, and that of a general universal 
domain k. 



Proof of \7. 2^ for k = C We first show that the surjective homomorphism h : 
A — »A^{X) is an isogeny. Clearly h induces an injective homomorphism 

h* ■.Q{A''{X))^Q{A). 

We will use proposition |3.7| to show that h* : Q{A^{X)) -^ Q{A) is an isomor- 
phism. Since h* is injective, it suffices to prove that dimf2(y4) < diTaQ{A"'{X)). 
Consider the set F = f/ y-cH^ix)^^ o ^- This is a countable union of algebraic 
subvarieties, and maps surjectively to U under the projection. Recalling that 
U = ^jUj, we can then find irreducible varieties Tj C F such that Tj dominates 
Uj under the projection F — ^ f/. Then ttj : Tj — >■ Uj has countable, and hence 
finite, fibres. Let dj be the degree of ttj, and let Vj C Uj be a dense open subset 
such that TTj : TfJ^iVj) -^ Vj is an etale covering of degree dj. Let c be the l.c.m. 
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of the dj, and let c = djCj. If g : F — > A is the second projection, then consider 
the morphism 

j 
IJ,{x) = Cj ^ q{y) for x G Vj. 

ye7r7i(x) 

One verifies at once that the diagram 

[J,V, = V^^ A 

(7.2) / 



[j,Uj=U ^^ C/7"(X)degO 



c-71 
Jj"-" - 

commutes. 

The image of /i(V^) in Cif"(X)dcgo generates CH"'{X)dcgo as a group, since 
any 0-cycle on X is rationally equivalent to a cycle supported on V. Hence the 
subgroup of A generated by fiiV) has countable index, and is also a countable 
increasing union of constructible subsets, namely the images of fiiV)"^"^ under the 
maps 

a^ : A^"^ — ^ A, m > 1, 

(ai, . . . , a2m) I ^ Cll + ■ ■ ■ + dm — Orn+l — ■ ■ ■ — a2m- 

By dimension considerations, one of the subsets <Jm{fJ'(yy"^) must be dense in A, 
and then cr2m(/^(^)^™) = ^- Hence the induced map on 1-forms 

is injective. Now the action of a2m on 1-forms is given by 

This means that the map on 1-forms Q{A) —>■ H^{V, f^y/c); induced by the mor- 
phism V — > fi(y) ^^ A, is injective. 

We claim that image fi(A) C fi(A"(X)), so that dimQ{A) < dimf](/l"(X)). 
To see this, it suffices by proposition [3]^ to show that for any reduced Cartier 
curve C G X with B = (Creg) H V dense in C, the image of any element of Q{A) in 
H^{B, fi]j/c) lies in the image of H^{C, ooc)- Fixing base points in each component 
of S, we obtain a morphism 'd : C^eg -^ Pic''(C). If Cj is any component of Creg, 
then the two induced maps 



C, — ^Pic"(C)— ^C/7"(X)de, 



gO, 



71 



Ci -—^ U > Cif"(X)degO 

agree up to translation by a fixed element of Ci7"(X)dcgo- 

Now consider the subgroup F^ = Pic°(C) Xcii'"(x)dego ^- ^^ before, this is 
a countable union of subvarieties of Pic°(C) x A. Hence there is a connected 
algebraic subgroup F^ C Tc such that F^/F^ is a countable group. Further, 
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Tc — ^ Pic°(C) is surjective with countable fibres. Hence F^ -^ Pic°(C) is an 
isogeny. Restricting ( |7.2| ) one obtains a commutative diagram 

B -^U A 



Creg ^ C'-f^"(-^)degO 

and hence a morphism B — > F^ such that 
(i) for each component Cj of Creg, the composite Cj fl i? ^ F^ ^ Pic°(C) 
equals the restriction of the composite Cj -^ Pic°(C) -^ Pic°(C), up to a 
translation (here c- denotes multiplication by c) 
(ii) Cj n i? ^ F|^ -^ A agrees with /i, up to a translation. 

Hence, by (ii), 

image((^(A) ^ F(5,fi^/c)) C image (fi(F°,) — ^ F(5,nJ./c)) 
while by (i), 

image fi(F^) = image fi(Pic°((:7)) = image F((:7,cJc )• 



Since C was arbitrary, we have verified the hypotheses of proposition |3.7| . This 
completes the proof that the composite h : A ^ Cilf"(X)dego ~^ A"-{X) is an 
isogeny. 

In particular, / : A — »Ci/"(X)dego has a finite kernel. Replacing A by 
74/(ker /), we may assume given a regular homomorphism f : A —>■ Cif" (X)dego 
which is an isomorphism of groups. Now repeating the above arguments once 
more, we obtain ( |7.2| ) with c = 1. By corollary |1.13| , this means the group 
isomorphism f~^ : C//"(X)dcgo —>■ A is a. regular homomorphism, which must 
factor through ip : Cif"(X)dego — » A"(X). This forces ip to be an isomorphism 
of groups, as well. D 



Remark 7.3. Over the field of complex numbers the last part of the proof of [O 
is consistent with the Roitman theorem proved in |[BiS||. In fact, if 



is surjective with finite kernel the generalization of Roitman's theorem implies 
that the composite 

A ^ C/7"(X)dego — A'^(X) — ^ J"(X) 

is an isomorphism on torsion subgroups, so that CH"' {X)dego — ^ A"(X) is an 
injection on torsion subgroups. Hence the isogeny A = CH"-{X)dcgo — * A"(X) 
must be an isomorphism. 

In the algebraic case we have to modify the arguments, in particular since 
the lower horizontal morphism in the diagram ( [7. 21) need not to be surjective in 
characteristic p > 0. 
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Proof of \7.^ for k a universal domain. 

Let us write B for the kernel oi h : A —> A"'{X), a closed subgroup scheme of A, 
not necessarily reduced. We may replace A by A/n, for any (zero dimensional) 
closed subgroup scheme k oi B such that n{k) C ker /. 

The group B acts on U y<A"ix) A with quotient U y<A"{x) v4"'(X) = U. The 
kernel /C of the map A{k) — >■ Cif" (X)dego consists of countably many closed 
points, the induced action on U XcH"(x)dego ^ ^^ f^^^' ^^^ ^^^ induced map on 
the quotient 

{U XcHHxu.,0 ^)l^ = U XcHHxu.,0 (^/^) — ^ U 

is a bijection on the closed points. 

Let V G U he a.n open dense subscheme, and let Tj be a locally closed irre- 
ducible subscheme of V Xyin(x) A, contained in V 'XcH^ix)^^ o ^' ^^*^ dominant 
over the component Vj = V r\ Uj of V under the first projection. For V small 
enough, we may assume that Tj — > Vj is finite. Let Kj C /C be the subgroup 
of elements g with 5'(rj) = Tj. Then k^ is a finite group and Tj/kj -^ Vj is an 
isomorphism on the closed points. Replacing Tj by its image in U Xa"(^x) i^/i^j) 
and A by A/kj we may assume that Kj is trivial, and thereby that Tj -^ Vj is 
purely inseparable. 

Repeating this construction for the different components of U we finally re- 
duce to the situation, where U has an open dense subscheme V, and where 
V y<cH"{x)i^ ^ ^^^ ^ closed subscheme T which is purely inseparable over V. 

Assume that F — > \^ is not an isomorphism, in particular, that the character- 
istic of A; is p > 0. The restriction of the group action to i? x F factors as 



B xT — > {V XAr^ix) A)xvT ^^V Xa-(x) A 



and the preimage S(T) of F C \^ xa"{x) A is isomorphic to F Xy F. Thus SiT) 
is a subscheme of -B x F, supported in the zero section {e} x F. Hence >S'(F) is 
contained in the z/-th infinitesimal neighbourhood {e},y x F of the zero section, 
for some ly > 0. 

The kernel k^^ ^ of the i^'-th geometric Frobenius F^'^ ^ : B ^ B^'^ ^ is defined 
by the sheaf of ideals in Ob, generated by the p'^ -th powers of the generators of 
the sheaf of ideals m defining {e} C B. For some z/' > it is contained in m" 
and {e}u is a subscheme of k^'^ \ 

Dividing A by n^'^ \ we may assume that ^(F) = F Xy F is isomorphic to F, 
and thereby that F is isomorphic to V. 

Independent of the characteristic of k, we have thus reduced to the situation 
where U has an open dense subscheme V, for which 



pri : VxcHHxU^^o"^^^ 
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has a section, such that on projecting to A we obtain a morphism fi : V —^ A and 
(using the notation introduced in |L9| ) a commutative diagram 



(7.3) 



c 



.(-) 



n 



v(-) 



u 



A 



CH'^iX) 



degO- 



Claim 7.4. There exists a surjective homomorphism : CH'^{X) 



/^ 



(-) 



07'' ■*|nv In particular, 



dcgO 



A with 



is regular. 



Proof. Let (C, i) be an admissible pair with B = {l ^(V^))reg dense in C. By 
restriction ( |7.3| ) gives rise to a commutative diagram 



n 



B 



(7.4) 



n 



B 



,/(-) 



7lr^ 



A 



Cif"(X)degO 



where /x' = fils- By lemma |1.12| the lower horizontal map in the diagram (|7 
factors as 



n 



B 



7^-^ 



Cif"(X)degO 



(7.5) 



tf(-) 



Pic°(C"). 

Let r^, be the connected component of Tc' = Pic°(C") y<cH"{x)^^ ^ containing 
the origin. Tc'/T^i is a countable group and F^, — > Pic°(C") is an isogeny. Since 
the diagrams ( [7.4| ) and ( |7.5| ) are commutative, the image of 



n 



B 



Pic°(C") X A 



is contained in F^,. This implies that F^, — > Pic°(C") must be an isomorphism. 
In fact, by |L11| there is an open connected subscheme W of S^{B) such that the 
morphism 'dw : W -^ Pic°(C) is an open embedding. On the other hand, "dw 
factors through the isogeny F^, — > Pic°(C"). 

Hence the morphism jj'^~' in the diagram ( [7.4| ) is the composite 



Ub ^ Pic°(C") 



F° 



pr2 



A, 



and the condition (b) in lemma |1.12| holds true. 
Thereby the homomorphism 



m 



7.4 exists, and it remains to show that 6 is 



surjective. Equivalently, it suffices to show that the image of generates A as a 
group, which will follow if we show that fi~{Ilv) generates A. But we know that 
7~(ny) generates CH"'{X)dego, and so fi~(JIv) generates a subgroup of countable 
index in A. Since fc is a universal domain, /x~(ny) generates A. D 



54 HELENE ESNAULT, V. SRINIVAS, AND ECKART VIEHWEG 

By claim |7^ and by the universal property for A"{X) the regular homomor- 
phism (f) : Cif "(X)dego ~^ ^ factors through a homomorphism of algebraic groups 
X '■ v4"(X) -^ A. Since (p is surjective, the induced morphism x is surjective as 

well. Further, the composite Cif"(X)dcgo — ^ ^ — ^ CH"-{X)dego is clearly the 
identity, since it is so on the image of 11^, which is a set of generators. By the 
universal property of (p : C-ff"(X)dego -^ ^"(-^); we deduce that the composite 
A"'(X) — > A — > A"(X) is the identity. Hence x and h are inverse isomorphisms 
of algebraic groups, and f : A ^ C-?7"(X)dego and ip : Cif"(X)dego -^ A^{X) 
are both isomorphisms (of groups) as well. D 
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